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RELATIONS BETWEEN ORDER AND 
TOPOLOGY IN VECTOR SPACES 


By J. D. WESTON (Newcastle upon Tyne) 


[Received 5 June 1957] 


Introduction 
A PARTIALLY ordered vector space which is also a topologicai vector 
space usually has some structural property by which the order and the 
topology are directly related. For example, it very commonly happens 
that the space has arbitrarily small neighbourhoods of the origin which 
are intervals (an interval being a set which contains z if it contains u 
and v with wu < x < v); spaces that have this property have been called 
A-spaces (1).¢+ Locally convex A-spaces are of particular interest (1, 2, 
3, 4); those for which the topology is given by a norm are characterized 
by the fact that there is a positive real number 7 such that, if z > 0 
and 2’ > 0, then |jv+2’|| > [ef. (5)]. 

In this paper we study a special type of A-space in which the order 
and the topology are very closely related. Some of the results suggest 
that an important part of the theory of partially ordered vector spaces 


may properly be regarded as a branch of the theory of locally convex 
spaces. 


Order units 

The usual definition of a topological vector space (over the field of 
real numbers) will be assumed (6). As regards partially ordered vector 
spaces, a definition slightly weaker than usual is sufficient for our 
purposes: it will be assumed only that the positive cone (the set of 
elements x for which x > 0) satisfies the condition 

ifx >0,2' > 0, and « > 0, then x+2’ > 0 and ax > 0. 

This gives a transitive order relation when ‘xz > 2’’, or ‘x’ < 2’, is 
defined to mean ‘x—z’ >0’. It is usual to stipulate also that, if 
0<2< 0, then x = 0; here it is enough to remark that this further 
condition is necessarily satisfied by a Hausdorff A-space (for, if 
0 < x < 0 then any interval that contains 0 contains z). 

t+ These spaces are discussed in a memoir by I. Namioka (13), which has been 
published since the present paper was submitted. Namioka’s terminology differs 
somewhat from mine; in particular, he uses the term ‘interval’ in a more re- 
stricted sense, and gives the name ‘full set’ to what I have called an interval: 
his ‘locally full’ spaces are precisely the A-spaces. 
Quart. J. Math. Oxford (2) 10 (1959) 1-8 
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A partially ordered vector space which is a topological vector space 
will be called an A*-space if it has arbitrarily small neighbourhoods of 
the origin which are intervals of the type {z: —-u<a2<u}. For 
example, consider the Banach space of all bounded real-valued func- 
tions on a given set, with the usual norm and the usual ordering: this, 
or any subspace of it which contains the constants, is an A*-space. 
The real numbers themselves form an A*-space. It is obvious that an 
A*-space is locally convex. 

An element u of a partially ordered vector space is called an order 
unit (7) if, corresponding to any element 2x of the space, there is a 
number € > 0 such that —éu <a < €u; this is equivalent to the 
existence, for any x, of a positive number p such that —u < px < u. 
An order unit may not exist, and, if it does exist, it is not unique 
(except in the trivial case of a 0-dimensional space). The following 
theorem shows that the existence of an order unit is a property which 
has a topological interpretation. 


THEOREM 1. A partially ordered vector space X has an order unit if 
and only if it admits a topology with which it is an A*-space. If such 
a topology exists, then it is unique, being the largest ( finest) topology with 
which X isan A-space; it has the property that an interval \x: —u <x <u} 
is a neighbourhood of the origin if and only if u is an order unit. 


Proof. Suppose first that X is an A*-space, having the interval 
fx: —u <a < u} as a neighbourhood of the origin. Since any neigh- 
bourhood of the origin in a topological vector space ‘absorbs’ every 
point of the space, there corresponds to any point x a positive number 
p such that —u < px <u. Thus w is an order unit. 

Now suppose, on the other hand, that X is a partially ordered vector 
space with an order unit w, and let J, be the interval {z: —u <a < u}. 
For any positive number p, the set p/,, is the interval {x: —pu < x < pu}; 
this is a symmetric convex set which absorbs every point of X. The 
class of all sets p/,, includes the intersection of any two of its members 
and is therefore a basis of neighbourhoods of the origin determining 
a topology 7 with which X is an A*-space. If X has another topology 
with which it is an A-space, let U be a neighbourhood of the origin 
with respect to this and suppose that U is an interval. Then, for some 
positive number p, both pu and —pu belong to U, and therefore pI, ¢ U; 
thus U is a neighbourhood of the origin with respect to.7. This shows 
that 7 is larger than any other A-space topology for X, and in parti- 
cular that 7 is the only topology with which X is an A*-space. 
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It is known (2, 3) that every continuous linear functional on a locally 
convex A-space can be expressed as the difference of two continuous 
linear functionals which are both non-negative (in the sense that their 
values on the positive cone are non-negative). From this it follows that 
the weak topology of a locally convex A-space is determined by the 
non-negative continuous linear functionals: the finite intersections of 
sets of the type {x: \p(x)| < ¢}, where ¢ is such a functional and « > 0, 
form a basis of weak neighbourhoods of the origin. Now, if 9 is non- 
negative, the set {x: |p(x)| < «} is an interval; for, if uw < x < v, then 
o(u) < o(x) < o(v). Hence, if we replace the given topology by the 
weak topology, we still have an A-space. This fact, in conjunction with 
Theorem 1, shows that the possession of an order unit is not a suflicient 
condition for an A-space to be an A*-space. 


Boundedness 

In a topological vector space which is partially ordered, there are 
two notions of boundedness. A set B is topologically bounded if it is 
absorbed by every neighbourhood of the origin (corresponding to any 
neighbourhood U of the origin, there is a positive number p such that 
pB & U)); it is bounded in the sense of order if there exist u and v such 
that wu < x <v for all x in B. In an A-space, the second kind of 
boundedness implies the first: for a neighbourhood of the origin which 
is an interval absorbs any set of the type {x: u < 2 < v} since it ab- 
sorbs any set consisting of two points wu and v. It follows that an 
A-space is an A*-space if it has a single neighbourhood of the origin 
of the type [,, where I, = {x: —u < x < u}; for then the sets pl,, for 
p > 0, that is the intervals {x: —pu < x < pu}, are arbitrarily small 
neighbourhoods of the origin. This remark leads to the following 
characterization of A*-spaces and their order units. 

THEOREM 2. An A-space is an A*-space if and only if the interior of 
the positive cone is not empty. The order units of an A*-space are precisely 
the interior points of the positive cone. 

Proof. Suppose first that u is an order unit in an A*-space and let 
I, be the interval {x: —u < x < u}. By Theorem 1, J, is a neighbour- 
hood of the origin. Hence u+-J,, that is {z: 0 < x < 2u}, is a neigh- 
bourhood of u consisting entirely of non-negative points; thus wu is an 
interior point of the positive cone. 

Now suppose, on the other hand, that wu is an interior point of the 
positive cone C in an A-space X. Then, since u = 2u—uw, u is also an 
interior point of the set 2u—C, that is, of {x: x < 2u}. Hence wu is an 
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interior point of the interval {x: 0 < x < 2u}, that is, of u+J,, where 
I, = {x: —u <2 <u}. Thus J, is a neighbourhood of the origin, and 
therefore X is an A*-space. Moreover, u is an order unit, by Theorem 1. 


For A*-spaces, the two notions of boundedness coincide: for, if B is 
a topologically bounded set in such a space, then, for some p > 0, pB 
is contained in an interval of the type {z: —u <2 <u}, so that 
—p-u <a < p~ for all xe B. This property is not peculiar to A*- 
spaces: for in any locally convex space, a set is bounded if it is weakly 
bounded; hence, if we replace the topology of an A*-space by the 
corresponding weak topology, the’ resulting A-space has the property 
that all topologically bounded sets are bounded in the sense of order. 
However, the property does characterize A*-spaces among the locally 
bounded A-spaces, as the following theorem shows. (A topological 
vector space is ‘locally bounded’ if it has a neighbourhood of the 
origin which is topologically bounded.) 


THEOREM 3. An A-space is an A*-space if and only if it has a neigh- 
bourhood of the origin which is bounded in the sense of order. 

Proof. An A*-space is certainly an A-space and has a neighbourhood 
of the origin which is bounded in the sense of order. On the other hand, 
suppose that X is an A-space in which the set {x: uw <a < v} is a 
neighbourhood of the origin. This set is contained in the symmetric 
interval {x: u—v < x < v—u}, which is therefore a neighbourhood of 
the origin. Thus X is an A*-space. 

A locally convex space is locally bounded if and only if its topology 
is given by a semi-norm (a norm in the case of a Hausdorff space). 
Thus any A*-space has its topology given by a semi-norm (indeed, if 
u is an order unit, we can obtain such a semi-norm by defining |x|! to 
be the lower bound of the positive numbers € for which —fu < 2 < £&u). 


Homomorphisms 

When X and Y are partially ordered vector spaces, a linear trans- 
formation of X into Y is called a homomorphism if it is order-preserving: 
that is to say, if it maps the positive cone of X into the positive cone 
of Y. We make a few observations on homomorphisms of A-spaces. 


THEOREM 4. LetF be a class of homomorphisms of an A*-space X into 
an A-space Y and suppose that, for some order unit u in X, the set of all 
points f(u), f belonging to F, is topologically bounded in Y. Then the 
members of F are equicontinuous. In particular, every homomorphism 
of an A*-space into an A-space is continuous. 
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Proof. Let U be a neighbourhood of the origin which is an interval 
in Y and let Uy be the intersection of all the sets f-1(U), f belonging 
to F. The fact that the set of points f(u) is bounded implies that 
Uy, absorbs u and —u. But, since each f inF is order-preserving, Ug 
is an interval in X; hence Ug absorbs the interval {r: —u < x < u}. 
Thus Uy is a neighbourhood of the origin in X: that is, the members 
of F are equicontinuous (at the origin, and hence everywhere by virtue 
of linearity). 


If {f,} is a sequence of homomorphisms of an A*-space X into an 
A-space Y, and the sequence {f,(x)} converges for each xe X, the 
conditions of Theorem 4 are satisfied on taking F to consist of all the 
terms f,. By an argument of the kind used in proving the Banach- 
Steinhaus theorem [ef. (8)], it follows that the limiting transformation 
f, defined by f(x) = lim f,(x), is continuous (it is a homomorphism if 


the positive cone in Y is closed). From this we deduce that a conver- 
gent sequence of linear transformations of X into Y has a continuous 
limit if it is monotonic (for then f,—/f,, or f,—f,, is a homomorphism 
for each n). 


Positive linear functionals 

In the theory of partially ordered vector spaces and in certain 
applications of this theory (7, 9, 10), the following result is of some 
importance: if the ordering is strict (x = 0 when 0 < x < 0) and if 
there is an order unit, then there is at least one linear functional which 
is positive (non-negative and non-zero). From our present point of 
view, this is very easy to prove: it is implied by the following theorem, 
when Theorem | is taken into account. 

THEOREM 5. There is a positive linear functional on an A*-space if 
and only if the origin is not an order unit. 

Proof. Let I be the interior of the positive cone in an A*-space. 
By Theorem 2, J is not empty. Hence the positive cone, being convex, 
is contained in J, the closure of J. Now the origin is not in J if it is 
not an order unit, so that in this case, by the ‘geometrical form’ of the 
Hahn-Banach theorem [(6) 69], the origin lies in a closed hyperplane 
which does not meet 7. Such a hyperplane has an equation 9(x) = 0, 
where ¢ is a continuous linear functional. The convexity of J implies 
that o(u) has the same sign for all u in 7; we may therefore choose 9 so 
that o(u) > 0 when we J. The continuity of g implies that o(u) > 0 
when u ¢ /; thus ¢ is a positive linear functional. 
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On the other hand, the existence of a positive linear functional 9 on 
an A*-space implies that the origin is not an order unit. For, the posi- 
tive cone is then contained in the set {x: g(x) > 0}, the interior of which 
is the set {x: o(x) > 0} since ¢ is continuous (by Theorem 4); thus the 
interior of the positive cone does not contain the origin. 


The conditions of Theorem 5 can easily be satisfied without strict 
ordering. For example, let X be a vector space of more than one 
dimension, and let @ be a non-zero linear functional on X: define the 
positive cone to be the set {x: o(x) > 0}, and let the topology be the 
smallest for which ¢ is continuous. This prescription gives an A*-space 
on which ¢ is a positive linear functional. The ordering is not strict 
since 0 < x < 0 when ¢(z) = 0. 

The existence of a positive linear functional does not imply the 
existence of an order unit. It is clear, for example, that a partially 
ordered vector space X has a positive linear functional if there is a 
homomorphism of X on to a space that satisfies the conditions of 
Theorem 5; and this can occur when X has no order unit [cf. (10), 
where some interesting cases are discussed]. Also, it follows from the 
result on the decomposition of continuous linear functionals into non- 
negative components, mentioned earlier, that X has an abundance of 
positive linear functionals if it has a topology with which it is a locally 
convex Hausdorff A-space; for then every non-zero continuous linear 
functional is the difference of two linear functionals of which one at 
least is positive. A necessary and sufficient condition for the existence 
of a positive linear functional is given in (11). 


Critical hyperplanes 

Under the conditions of Theorem 5, suppose that uw is an order unit 
and let P, be the set of all positive linear functionals ¢ such that 
o(u) = 1. Evidently, P, is a convex set in the adjoint space, and is 
‘weak*-closed’ (closed with respect to the weak* topology). The 
functionals that comprise P, are equicontinuous, for, if g¢ P, and 
—u<x<u, then —1 < 9(x7) < 1; hence P, is weak*-compact. It 
follows [(6) 83] that every hyperplane of support of P,, which is weak*- 
closed contains an extreme point of P,; and, by the Krein—Milman 
theorem [(6) 84], P,, is the weak*-closed convex hull of its extreme 
points. The hyperplanes 9o(2) = 0 corresponding to the extreme points 
) of P, may be called the critical hyperplanes; it is easily seen that 
these do not depend on the particular choice of u. When the ordering 
is strict, the critical hyperplanes are precisely the ‘extreme maximal 
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ideals’ of the given partially ordered vector space (7,9,12). We con- 
sider some of their geometrical properties (assuming only the conditions 
of Theorem 5). 

Let x, be a non-zero frontier point of the positive cone. Since the 
origin is not an order unit, the subspace generated by x, does not meet 
I, the interior of the positive cone (for J is itself a cone). Hence, as 
in the proof of Theorem 5, this subspace is contained in a closed hyper- 
plane which does not meet 7. Such a hyperplane has an equation 
¢(x) = 0, where we can suppose that 9 € P,; and, since xz, belongs to 
this hyperplane, ¢(z)) = 0. Now the set ®, of all continuous linear 
functionals 9 such that 9(x)) = 0 is a weak*-closed hyperplane in the 
adjoint space. We have just seen that ®, contains a point of P,; and, 
since 2, is a closure point of the positive cone, 9(2)) > 0 for all 9 in P,,. 
Thus ®, is a hyperplane of support of P,; it therefore contains an ex- 
treme point of P,,, say 99. Since ¢o(x)) = 0, we have shown that through 
every non-zero frontier point of the positive cone there passes a critical 
hyperplane. 

If the space has only one dimension, the positive cone has no non- 
zero frontier points, and there is only one critical hyperplane (consisting 
of the origin only). If the space has more than one dimension, let x, 
be any non-zero point outside 7. Since J is an open set, it is not con- 
tained in the subspace generated by 2, and therefore has a point u» 
such that the straight segment joining wu, and x, does not contain the 
origin. This segment must contain a non-zero frontier point x’ of the 
positive cone. Let a critical hyperplane through zx’ have the equation 
= 0, where P,. Since > 0 and 2x’ = Auy+(1—A)zp, 
where 0 <A< 1, we must have 9,(z’) <0; whereas, of course, 
o(u) > 0. Thus a critical hyperplane through 2’ separates x, from I. 
We conclude that, under the conditions of Theorem 5, the critical 
hyperplanes envelop J: that is to say, a point is an order unit if and 
only if it lies on the ‘positive side’ of every critical hyperplane. 
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‘NETRICS’ OF SETS AND LINEAR SPACES 
By K. A. H. GRAVETT (Ozford) 


[Received 3 September 1957] 


Introduction 

THE concept of a non-Archimedean metric is generalized after Conrad 
[American J. of Math. 71 (1953) 1-29] and structure-theorems are 
proved for sets and linear spaces with such a generalized non-Archi- 
medean metric. Conrad’s main embedding-theorem is a consequence 
of the results obtained. 


Preliminaries 

o denotes the empty set. If A and B are sets, then |A| denotes the 
cardinal number of A; A\, B denotes the set of elements of A that do 
not belong to B; and, if x and y are maps defined on A and B respec- 
tively and C < An B, then x = y|C denotes that, for each c of C, 
x(c) = y(c). 

Let A be a partially ordered set. Denote by 7' the set of t ¢ A such 
that, for each 5,, 5, in t, if 5, < 8, then 8, = 6,. If s c A, 8¢ A and 
(R) is a binary relation of A, put 5(R)s, s(R)d if there exists 5’ in s 
with 5(R)8’, 5'(R)S. Further 5(#)s, s(#)5 are taken to mean not-8(R)s 
and not-s( 2) respectively, and not 5(not-R)s and s(not-R)d. For each 
5 in A, [(R)8] denotes the set of 5’ in A with 8’(R)s. If s < A, denote 
by m/(s) the set of 5 € s such that, if 5’ € s, then 8’ > 5; if, for each 5 € s, 
8 < m(s), put b(s) = m(s);s < Ais said to be well-ordered (more usually, 
dually well-ordered) if, for each s’ € s, b(s’) exists (equivalently, there 
does not exist an infinite ascending sequence in 8). 

Let K be a field. Then K* denotes the set of non-zero elements of K. 
All linear spaces considered are over the field K. 


Netric sets 

Let E be a set. A map d of Ex E into T is said to be a netric of E 
(and then FE, more precisely {E,d}, is said to be a netric set) if, for each 
x,y,zin E and din A, 

(i) d(x,y) = o if and only if z = y; 

(ii) d(x, y) d(y, x); 

(iii) if 8 < d(x,y) Ud(y,z), then 8 < d(z,z). 
Quart. J. Math. Oxford (2) 10 (1959) 9-16 
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It follows that 

(iv) if 8 d(x, y) Ud(y,z), then d « d(x, z).T 
For suppose that 6 < 8’ ed(x,z). Then from 6 < d(x,y) Ud(y,z) it 
follows that 8’ < d(x,y)Ud(y,z) and 8’ ¢ d(z,z), which is a contra- 
diction. 

Let {£,,d,} and {F,,d,} be netric sets. A map f of £, into E£, is said 
to be an isonetry if, for each x, y in F,, 

d,(x,y) = d,( f(x), f(y). 
It follows that f is one-to-one. 

Let {Ed} be a netric set. For each zx, y in EF and 6 in A, put x ~ y(8) 
if 5 < d(x,y), and x = y(5) if 8 « d(x,y). Here ‘~ (5)’ and ‘= (8)’ are 
equivalence relations of #, and the corresponding sets of equivalence 
classes of E are denoted by C; and C¥ respectively. Each equivalence 
class X € C; is contained in an equivalence class X* ¢ Cf. E is said 
to be equi-cardinal if, for each 5 in A and Y in CF, |{X|X eC;, X < Y}| 
depends only on 6 (and then is denoted by cs).{ The set of cardinal 
numbers {cs|5 € A} indexed by A is then said to be the cardinal-set of E. 

Let & = {L5'5 & A} be a set of non-empty sets indexed by A. 7 is 
then said to be a A-system of sets. Denote by D(#) = D the set of 
maps x of A into LJ Ls A) such that, for each in A, 2(3) € Ls. Dis 
then said to be the product of #. For each z, y in D, denote by N(x, y) 


the set of 8¢ A for which 2(5) 4 y(3) and put d(z,y) = b( N(x, y)) if it 
exists. A subset E of D is said to be based if d(x, y) exists for each x, y 
in EF, For example, let x ¢ D and denote by W(x) the set of y ¢ D for 
which N(x, y) is well-ordered. W(x) is a based subset of D. Evidently 
|£,d} is then a netric set. By Zorn’s lemma, each based subset of D is 
contained in at least one maximal based subset of D. 


Lemma 1. Let M be a maximal based subset of D. Then to each xin 
M, 3 in A, and ls in Ls there corresponds ye M with y(3) = ls and 
x =y\|[> 3]. 

Proof. Put = 1; and, for each 8’ A with 8’ 8, 2(8’) = 2(3’) 
(ze D). Ifze M, put y = z, and then y has the required property. If 
z¢M, there exist y in M and 8’ in A such that 8’ € N(z,y) but 
3’ < m(N(z,y)). Now 8’ < 3, for 8’ + 8 gives x = z|[> 8’], and there 
exists 5” € N(z,y) with 6” > 8’, from which it follows that 

8” N(x, y), 
8” < m(N(x,y)) [> 8] = m(N(z,y)) [> m(N(z,y)). 
+ (i), (ii), and (iv) do not yield (iii). 
¢ Ifthe netric set E has a transitive group of isonetries, then E is equi-cardinal. 
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Again z = y|[> 4], for 8’ < 8 < N(z,y) gives 8’ < 8” < m(N(z,y)); 
compare the proof of 8’ << 8. From z = x|[> 8] it follows that y has 
the required property. 

THeoreM 1, Let M be a maximal based subset of D. Then M is an 
equi-cardinal netric set with cardinal-set {|| A}. 

Theorem | follows at once from Lemma 1. 

THEOREM 2. For each x in D, W(x) is a maximal based subset of D. 


Proof. Let ye D\. W(x) and denote by = the set of 5 ¢ N(zx,y) for 

which (x,y) [> 8] is well-ordered. = is well-ordered, for, if 6 € =, 
8] = N(x,y) [> 4]. 
For each 8 in A, put 2(5) = y(3) if 5€ XZ, and 2(3) = 2(8) if 5¢z. 
W(x). N(y,z) Suppose that € m(N(y,z)) (8 However, 
N(x,y)N[> 8] <= since, if 8’ N(z,y)N[> 8] and 8’ then 
2(8') = 2(3’) for 8’ ¢ and 2(3’) = y(8’) for 8’ > m(N(y,z)), and 
hence 2(8’) = y(8’), which is contrary to 8’ € N(z,y), N(x,y)N[> 3] 
is well-ordered, and eX. It follows that m(N(y,z)) = 9, and hence 
{W(x), y} is not a based subset of D. 


THEOREM 3. Let M be a maximal based subset of D, let & < A such 
that, if © <8eA, then 5€%, let ¢ be a map of X into (J Ls (5 € A) such 
that, for each 5 in X, $(5) € Ls, and let there correspond, to each 8 in &, 
xe M with x =4\[>8]. Then there exists x» M such that x, = 

Proof. Denote by X the set of ze D with x = ¢4|. Evidently 
X #@. 

For each x ¢ X, denote by G(x) the set of 8¢ A such that, for each 
y in M, if 5 < 8’ y), then 8’ < m(N(z,y)). If x, M, 5, € A, and 
x = x,|[> 4,], then 5, € G(z) since, if 8, < 8’ N(x, y), then 

8, < N(x, y), 5, < m(N(x,,y)) [> = m(N(a,y)) [> 
Thus G(x) > 

It is enough to prove that there exists x, ¢ X with G(x)) = A. 

For each x,, x, in X, put x, < 2, if G(a,) S G(x,) and x, = 2, | G(z,). 
The binary relation ‘<’ of X is reflexive, transitive, and inductive. 
By Zorn’s lemma, there exists a maximal element, x, say, of X. 

A contradiction is derived by assuming that G(x,) + A, i.e. there 
exists y € M and 8, € N(a,) with 5, < m(N(zo,y)). Denote by x, the 
element of X such that, for each 8 in G(z,), 2,(3) = 2 (5) and, for each 
§ not in G(x), 2,(5) = y(5). For each 8 in G(x.) with 5 > 85, = y(8), 
since N(x»,y) gives 85 <8 < m(N(x,y)). Hence, for every in A 


i 
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with 5 > 85, 2,(8) = y(8). It follows that 6, ¢ G(x,) and hence that 
x, > x which is a contradiction. 

TuHeoreM 4. Let M be a maximal based subset of D, let X < A such 
that, if & <SeA, then let be a map of into (LJ Ls (5 € A) such 
that, for each 5 in X, (8) € Ls and let there correspond, to each 5 in X, 
xeM with x = $\[> 8]. Then there exists M such that x, = 

Proof. Let 8¢X% and xe M with x = ¢|[> 6]. By Lemma 1, there 
exists 2’ M with x’ = ¢|[> 5]. An application of Theorem 3 com- 
pletes the proof. 


Netric linear spaces 
Let L be a linear space. A map d of L into T is said to be a netric 
of the linear space L if, for each x, y in L, for k in K*, and 4 in A, 
(i) d(x)=o if and only if z = 0; 
(ii) d(kax) = d(x); 
(iii) if 8 d(x) Ud(y), then d(x+-y). 


It follows that, if 5 d(x) Ud(y), then 8 « d(x+y). For each 2, yin 
put d*(x,y) = d(x—y); d* is a netric of the set L. There is a natural 
one-to-one correspondence between netrics of the linear space Z and 
an easily characterized class of netrics of the set L. Definitions and 


results concerning netric sets are applied to netric linear spaces con- 
sidered as netric sets. 

Let {L,,d,} and {L,,d,} be netric linear spaces. A map f of ZL, into 
L, is said to be an isonetry if f is an isomorphism and an isonetry of 
LI, into L, considered as netric sets: equivalently, for each z in L, 
d,(x) = d,(f(z)). 

Let {Z,d} be a netric linear space. For each 8 in A, denote by J; the 
set of xe L with 5 < d(x) and by J® the set of xe L with 5 « d(z). 
J; (€ Cs of {L,d*}) and J® (€ C¥) are linear subspaces of L and J; < J®. 
Put Ls = J*/J3. DL (ie. {L,d*}) is equi-cardinal with cardinal-set 
{| Ls || 8 € A}. 

Let H = {Ls |8e A} be a set of linear spaces indexed by A. ¥# is 
then said to be a A-system of linear spaces. # is also a A-system of 
sets. With respect to component-wise compositions, the product 
D(#) = D is a linear space. For each x in D, put N(x) = N(x, 0) and 
d(x) = d(x, 0) if it exists. A linear subspace L of D is said to be based 
if it is a based subset of D. Evidently {L, d} is then a netric linear space 
(and d* is the netric of Z considered as a based subset of D). Each 
based linear subspace of D is contained in at least one maximal based 
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linear subspace of D. A maximal based linear subspace of D is, in fact, 
a maximal based subset of D. For let ye D and suppose that d(z, y) 
exists for each xe M. Then d(x—y), d(—kx+ky), and d(x+ky) exist 
for each x in M and k in K. Denote W(0) by W (i.e. W is the set of 
x € D for which N(x) is well-ordered) and denote by F the set of x ¢ D 
for which N(x) is a finite subset of A. W is a maximal based linear 
subspace of D, and F is a linear subspace of W. 


Embeddings 

Let {F,,d,} and {2,,d,} be netric sets. E, is said to be an extension 
of if B, and d, = d,|E,x£,. is said to be an immediate 
extension of if, further, to each y in E,, x in and in d(x, y) 
there corresponds 2’ € FE, with < d(x’, y). 


THeoreM 5. Let {E,d} be an equi-cardinal netric set with cardinal-set 
{es A} and let = A} be a A-system of sets with |Ls| = cs 
for each 5 in A. Then there is an isonetry f of E onto a based subset of the 
product D(f) such that each maximal based subset of D(#) containing 
(EB) is an immediate extension of f(E). 


Proof. For each 6 in A, let fs be a map of Cs onto Ls such that, for 
each ¥ in Cf, ¥} 
is one-to-one and onto Ls. For each z in E and 4 in A, put 


(f(x))(8) = fa(X), 


where xe X €C;. Now f is an isonetry of EZ onto a based subset of 
I(f). This is a consequence of the following two observations. Let 
x, Wded(x,y), then x but x y(5), and hence 


(f(x))(8) A (F(y))@)- 
A and (f(z))(8) A 


then x ~ y(5), and hence 8 < d(x, y). Let M be a maximal based subset 
of D(#) containing f(#). M is an immediate extension of f(#). For 
let ye M\f(E), xe E, and ded(f(x),y). Let 2’ with x = 2'(8) 
and f;(X’) = y(5), where 2’¢X’eC;. Then 8 + d(f(z’),y) since 
d(f(x), f(x’) and 8¢N(f(z’),y) since (f(x’))(3) = y(). ‘Thus 
5 d( f(x’), y). 

The method of proof of Theorem 5 yields the following result. Let 
{E,d} be a netric set. Then there is an isonetry f of EZ onto a based 
subset of the product D(#) for suitable choice of A-system of sets #. 
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THEOREM 6. Let {L,d} be a netric linear space. Then there is an 
isonetry f of L onto a based linear subspace of the product D(L), where 


= {Ls = J*/J;|8€ A}, 


such that each maximal based linear subspace of D(#) containing f(L) is 
an immediate extension of f(L). 


The proof of Theorem 5 (with the maps f; homomorphisms) yields a 
proof of Theorem 6. 


Completeness 

Let {£,d} be a netric set. E is said to be complete if there does not 
exist a proper immediate extension of £. An analogous definition 
applies to netric linear spaces. It is a consequence of later results that 
a complete netric linear space is complete considered as a netric set. 

Let {E,d} be a netric set. A subset A of E x A is said to be an overlap 
of E if, for each (x;,5;) in A and 6 in A with 6 >8; (¢ = 1,2), 
8 < d(x,,a,). Again x, € E is said to be a limit of A if, for each (2,8) 
in A, 8 £d(x,x,). E is said to be overlap-complete if every overlap of 
E has a limit in £. 

THeoreM 7. Let D(#) be the product of a A-system of sets 
FY = {L565 © A} and let M be a maximal based subset of D(i#). Then 
M is overlap-complete. 


Theorem 7 follows at once from Theorem 8. The completeness under- 
lying Theorem 4 can be formulated for general netric sets. 


THEOREM 8. Let {E.d} be a netric set. If E is overlap-complete, then 
E is complete. 


Proof. Let {E',d} be a proper immediate extension of EF and let 
y © E'\.E. Denote by A the set of (x,5) ¢ Ex A with 6 Z d(y,x). A is 
an overlap of E. For, if (x,,8;)¢ A and with then 
8 < d(y,x,;) (¢ = 1,2), and hence 6 < d(a,,z,). Let xe E be a limit of 
A. Let de€d(x,y) and x’ with d(x’,y). Then (x’,d) eA, and 
hence 6 < d(x,x'), which gives a contradiction to 5 < d(zx’,y) and 
ed(x,y). 

THEOREM 9. Let {Ed} be an equi-cardinal netric set with cardinal-set 
{es A} and let = € A} be a A-system of sets with = cg 
for each 6 in A. Then E is complete if and only if E is isonetric to a 
maximal based subset of D(#). 


COROLLARY. An equi-cardinal netric set is complete if and only if it 
is overlap-complete. 
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Analogous results hold for netric linear spaces with, in the corollary, 
completeness of the netric linear space considered either as netric set 
or as netric linear space. Theorem 9, its corollary, and their analogues 
are immediate consequences of preceding results. 


Maximal based subsets 

Let D(#) = D be the product of a A-system of sets 7 = {Ls | 8 € A}. 
Let M, and M, be maximal based subsets of D and y, ¢ M, and y, « M, 
be arbitrary but fixed. 


THEOREM 10. There is an isonetry f of M, onto M, such that f(y,) = Yo. 


COROLLARY 1. An overlap-complete equi-cardinal netric set is deter- 
mined up to isonetry by its cardinal-set. 

COROLLARY 2. Every maximal based subset of D has a transitive group 
of isonetries. 

Theorem 10 follows from the observations below together with Zorn’s 
lemma. Corollary 1 is an immediate consequence of the theorem 
together with earlier results. Corollary 2 is an immediate consequence 
of the theorem. 

For each 6 in A, let ‘+,’ be an arbitrary, but fixed, group-composi- 
tiont of L for i= 1, 2 with an isomorphism of {L5, + ,} onto 


{Ls5, +,}. Let y;¢ N; < M; (¢ = 1,2) with f an isonetry of N, onto N, 
such that 


(i) = 
(ii) to each x, x’ € N, and 8 E d(x, 2’), 
<8>(2(8)—1 2(8)) = (F(@))(8)— af f(@’)) (8); 
it then follows that the equation holds for each z, x’ in N, and 6 in A 
with 8 < d(x, 2’). 

Let z, ¢ M,\.N,. Denote by = the set of 5 ¢ A to which there corre- 
sponds xz € N, with 6 « d(z,z,) and put . 
$(8) = ¢8>(21(8)—1 2(8)) (8). 

If x’ N, with 6 d(z’,z,), then 
8 d(x, 2’), = —2¢8>(2"(3)) (3), 
and hence ¢ is well-defined. If 8 < 8’ € A, then 8’ € &. 
Let 5, 8’ and xe N, with 8’ > d(z,z,). 
$(5') = 2(8’)) 8’) = 


+ Theorem 10 can be proved without introducing group-compositions. The 
advantage of the given proof is its applicability to the proof of Theorem 11. 
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since 5’ < d(x,z,), and hence ¢ = f(x) |[> 5]. By Theorem 4 there 
exists z, € M, such that z, = ¢| =. 

For each z in N, and 6 in d(x, z,), 
= (f(x))(8)—2 

= <8>(21(8) —1 of F(@))(8)] = <8>(2(8)—1 24(8))- 

It follows that z, ¢ N. 

Finally it is proved that, for each x, in N,, d(x,,2z,) = d(f(x,),z). If 
5 € d(x,,2,), then 

8 2), 2(3) (f(#,))(8) 

since 2,(5) 2,(8), and < d(f(x,),z,). Again, if 8 d(f(x,),z,), then 
8 < d(x,,2,), for, if 8 < d(a,,z,), then z,(8) = (f(2x,))(8). 


Maximal based linear subspaces 

Let D(#) = D be the product of a A-system of linear spaces 
L = {Ls\he A}. Let M, and M, be maximal based linear subspaces 
of D. 

THEOREM Il. There is an isonetry f of M, onto M, such that, for each 
x, in M, and 8 in d(x), x(5) = (f(x))(8). 

COROLLARY. An overlap-complete netric linear space is determined up 
to isonetry by its cardinal-set. 

Theorem 11 follows from the observations below together with Zorn’s 
lemma.+ Its corollary is an immediate consequence of the theorem 
together with earlier results. 

The observations constituting the proof of Theorem 10 are adapted 
as follows: For each 6 in A, ‘+,’ and ‘+,’ are each the given group- 
composition of Ls and <5> is the identity isomorphism. y, = y, = 0. 
Let N; be a linear subspace of M; (¢ = 1,2) and let f be an isonetry of 
N, onto N, such that, for each x in N, and 6 in d(x), x(8) = (f(x))(8). 
Equivalently, for each x, x’ in N, and 6 in d(x—z’), 

2'(8)) = = ( f(w@—z’)(8)) = (F(x))(3)—2( (3). 

z,, &, ¢, and z are defined as before. 

For each x in N, and k in K*, 

d(x+-kz,) = d(—k-'x—z,) = d(—k-!f(x)—z,) = d(f(x)+kz,) 
and, if d(x+-kz,) (= d(—k—x—z,)), then 
(x+-kz,)(3) = 
= = (f(x) + kz2)(8). 
+ Alternatively Theorem 11 can be proved by constructing an isonetry f, of F 


into L, such that, for each x in F and 8 in d(x), 2(5) = (f,(r))(8) (¢ = 1, 2) and then 
showing that there is an isonetry of M, onto M, over the isonetry f, f;* of F, onto F,. 


THE GROUPS 2,¥,,,) (III) 


By G. F. PAECHTER (Ozford) 


[Received 13 September 1957] 


Introduction 

Tuts is the third of a sequence of five papers, the previous ones being 
(8) and (9), in which I calculate certain homotopy groups of the Stiefel 
manifolds V,,,. The present paper contains the calculations of those 
groups which are given in the following tables. There zf,, denotes 
Trp(Viermm)» Zq &@ cyclic group of order q, and + direct summation. 
Also s > 1. A full table of results can be found in (8) 249. Some 
of these, namely the values of xf, for 2 < p < 5 and k > p+2, have 
also been obtained, independently and by different methods, by 
Yoshihiro Saito (10). 

For the notation used throughout the body of this paper please see 
(8), especially §§ 1, 2, and 3.1. Also please note that sections are 
numbered consecutively throughout the whole sequence of papers, 
§§ 1-5 being contained in (I), §§ 6-7 in (II), § 8 in (ITT), § 9 in (IV), and 
§§ 10-13 in (V). 

TABLE FOR 
p=4 p=5 p=6 p=7 
0 Le 0 


Z,+Z,+2Z, 


Z, 
Z,+Z,+2Z, 
ZutZe 


TABLE FOR 723 
p=1 p=2 p=3 p=4 
Ze 0 


8. Calculation of zp, 
We consider the fibring 44/V..3,3 > and examine the sequence 
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3. Zs 
4 2442, 
+Z,+Z, +Z_+Zy +Z,+2Z, 

6 0 Zu Zs 
4s+1 Z, 

4s 2,+2, 
4s+2 0 

p=5 p=6 
Zo 0 
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8.1. k = 0 (mod 4). 
In this case there is a three-field on S*+* (5, 12), and so the fibring 
admits a cross-section p. Hence Theorem 1.1 gives 
Tha = Pat 
Using the values of 7f, as calculated in § 7.31, we obtain the values 


shown in the table for 72, when k = 0 (mod 4). 
Note that, by Theorem 1.2 and Corollary 1.5, we have that 


{tesga} = 0 for k = 0 (mod 4). 
8.2. k = 2(mod4) and > 6. 
(a) When p = 2, (C) gives 


Pk+s* k43 As 
—> The > Te > 


i.e. 


by § 7.32(6). But i¢},,4(0) 4 0 since otherwise there would be a cross- 
section in the above fibring, by Theorem 1.2, and so a three-field on 
S*+8, which is impossible (5, 12). Hence i, },,(0) = a7, whence we 


have that af, = 0. 


Note that A, is onto, whence the image of p,,3, is the Z,, subgroup 


generated by 2{h,,3,,3}. Further we have from Corollary 1.5 that 
{ty+4,4} generates i-},,(0). Hence, by § 7.32 (b), 


= 
(6) When p = 3, (C) gives 


3 As 3 Pkise 


i.e. > > Z, > 9, 
by § 7.32 (c) and since the image of p,.,,, is a Z,, subgroup by (a). Also 
= 
which is generated by 
Hence i;}34(0) is the Z, summand of 7?,,, whence 
Tha = 
generated by {i,,13/,%43} and a such that 


= 
Note that A,*(0) = 0, and so that p,,,, is trivial. 


THE GROUPS 
(c) When p = 4, (C) gives 


Prise A, 4 


by § 7.32 (d) and since p,,4, is trivial by (6). Also 
which is generated by 
2Px Teva = 0, by 7.32(d). 

Hence i;-},,(0) = 0, and so we have that 

tha = Zy 
generated by {ip,02oPhxisns4}- Note that thus A, is trivial, whence 
18 onto. 


(d) When p = 5 and k > 10, (C) gives 


i.e. > > Z,> > Z, > 9, 
by § 7.32 (e) and since p,,54 is onto by (c). Also 
Pe 45(S*+1) = 0. 
Hence 7}, has four elements. But, by Theorem 4.2 (5), 
tha Thirs = Zp 
by § 7.2(e). Thus mea = Z, whenk > 10 


and is generated by an element a such that py.414@ = {hyisz45}- Note 
that A, is trivial, whence p,,¢, i8 onto. 


(e) When p = 5 and k = 6, (C) gives 


72(S*) 7,3 76.4 74,(S*) >, 
i.e. +> Zy > > 34 > Z,> 9, 
by § 7.32(f) and since p,,, is onto by (c). Also 
Hence 734 18 an extension of by 
Note that thus A, is trivial, whence p,,, is onto. 
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In determining the structure of 73,4 we first consider the sequence 
associated with the fibring Vio4/S*® > Vio, which is of the form 


i.e. Z,->9, 
by § 7.2(e). Bearing in mind the result of the last paragraph, we see 
that 7§, is also an extension of Z,, by Z,. Hence 

7,4 18 either Z,.4+Z, or Z,+Zy. 

To determine which, we consider 7,,(P3), = 73, by Theorem 2.3 (9). 
When k > 3, let C*+* be the space described in § 7.32(f), and let 
D*** be the space consisting of C*+? to which a (k-+-3)-cell has been 
attached by a map ¢) such that 


B*+3 —> Sky Sk+1 
{Sha} = 
It was shown in § (E) of the Appendix to (9) that, when k = 2 (mod 4) 
and > 6, (Pi*}?, is of the same homotopy type as (D\**, O*+*) 
for some particular A = 0 or 1. So consider the commutative diagram 


T9(C7) as, Cc’) m(C") >. 

We know from § 7.32(f) that 7,,(C*%) is Z,.+Z,, and from above that 
7,,(D§) is either Z,.+Z, or Z,+Z,. We first prove that (0) = 0. 
Then we shall show that 7, 9(D%) is finite, and that it contains an 
element a such that j,,,€,a@ is non-zero. Thus €,a is an element of 
7,(D§) which is non-zero, of finite order, and non-trivial under j,,,. 
Hence 7,,(D§) must be Z,,+ Z,. 

The first assertion follows from the fact that 

= Typ +Ahes} 

by Theorems | and 2 of (14) (where i denotes the identical injection 
of S*yv S? into C%), which is of finite order and yet a subgroup of 
V S*) which equals Z,, by § 7.32(f). Hence = 0. 

Secondly, by § 7.32(f), m49(C’) has eight elements and, by Theorem 
1 of (14), C7) = Zp. 
Thus 79(D4) is of finite order. Further, by Theorems 1 and 2 of (14), 

510% ™ (D5, C’) = 
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which is generated by 
AF, = = tow 12(heo} = 9, 
by the argument in § 7.32(f). Thus 8)),(D§,C’) = 0, which implies 
that jjox is onto. But €, is an isomorphism by Theorem 3.2 (B). Thus 
7,9(D4) contains an element a of finite order such that 
This completes the proof, and so we have that 
generated by {i;3h¢,,} and a such that pio,4@ = {hy,,} and 4a = 0. 
8.3. k = 1 (mod 4) and > 5. 
We first calculate 
(tesaa} Ts = 
by §§ 7.1 and 5.2 (c). We have that 
= tesss 
by § 2.3 (b), and that {t,,33} = 0 by § 7.1. Thus we can extend 
over the hemisphere E**? of S*+*, and, since t,,3, is a symmetric map 


(2.3a), we can extend it symmetrically over E**+*, Denote this exten- 
sion by 


Now we use construction Q” of § 6, with 
r=k+2, 
Then we have 2th} = the} = +(g}- 
H 
= 
by § 2.3(b) and since {g} € i, 7%... Thus 
= 
and {h} = 
where w € 
Further p,,.,g:S**+* > S*+! is a symmetric map and such that 
which is essential by § 2.3(c); whence p,,.,g is essential by Theorem 
6.1. Thus {g} generates the Z, summand of 77, (§§ 7.1 and 5.2c). 


Hence {tesaa} = = 
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where a is a generator of 77», i.e. 
= 
Thus we have the following: 
(a) When p = 2, (C) gives 


Pkise As 2 2 


i.e. > 9, 


by §§ 7.1 and 5.2(c), where i¢},,(0) is generated by {t,,,,}. Using the 
above result we have that 
Tha = Zs 


generated by Note that thus Ay1(0) = 0, whence 
is trivial. 

(6) When p = 3, (C) gives 

i.e. > 
by §§ 7.1 and 5.2 (d), and since p,.,,, is trivial by (a). Also 
te = bes 

which is generated by 

Priore = by Lemma 3.1(6), 


Hence, by §§ 7.1 and 5.2 (d), i¢334(0) is a Z, summand of 73.3. Thus 
tha = 
generated by and Note that thus 


= 0, 
whence p,;.,4» is trivial. 


(c) When p = 4, (C) gives 


Pkeise A, 
Ty —> mf ——> th g —— 4(S**4) >, 


i.e. Z,-> th 7h, 0, 
since p;.4» is trivial by (b). Also 


te = tesa 
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which is generated by 


But 


Hence, by §§ 7.1 and 5.2(f) and (h), ig¢344(0) is a Z, summand of 7}5. 
Thus we have that 


m,=Z,fork>9; Z,42Z,, 

generated respectively by {i,,31 and {igghso} and phys}. 
Note that again p,.,;, is trivial. 

(d) When p=5 and k>9, we use Theorem 4.2(b) by which 
= Z, by § 7.32 (d). Thus 

mea = Z, whenk > 9, 

and is easily seen to be generated by {i,.51 Physonss}- 

(e) When p = 5 and k= 5, we consider the sequence associated 
with the fibring > i.e. 

i.e. Z,> 1384 > Z,> Z,> 2,42, > 
by § 7.32 (d) and (c) above. But 

(i) = troetere ANd 749(S°) = 0 
by § 5.2 (k), whence tg 54 7 9(S*) = 0; and 

(ii) 46,54 79(S85) is non-trivial by (c) above. 
Hence mi, = 
generated by {is phz19}- 

8.4. k = 3 (mod 4). 

We have from § 2.3 (6) that 

= 


and so from § 7.2 (6) we have that {t,,4,} generates an infinite summand 
of x32; = Z,+Z,. Thus we have the following: 


(a) When p = 2, (C) gives 
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by § 7.2(6), where i; 1,,(0) is generated by {t,,4,}. Using the above 


result we have that So 
4a 


generated by i,,94@, where = 442}. Note that since 
Ag = 0, is trivial. 
(6) When p = 3 and k > 7, (C) gives 


Prise A, 3 Prise 
———> —> > The > >, 


i.e. 9, 
by § 7.2(c), and since p,,3, is trivial by (a). Also 
which is generated by Af Amy of the methods used 
previously in determining #,,'(0) will be seen to break down in this 
case, All we can say at the moment is that 72, is either Z, or Z,+-Z,. 
I shall prove that it is the latter. 
To determine hf,» ,,9{t,s4,4}, we consider first the sequence associated 
with the fibring Vj,,,,/S*—>Vj.,32, and operate with hf,,,,,; on the 


section 
7h +1,2 >; 


giving the commutative diagram (3.15), 


2 
> Ths 7k+1,2 > 


2 Pkiso* 1 


Then we have that 


Pr+3,2% W¥ {tyr aa} h* Dy 
by § 2.3 (6), 
= 0, by § 7.31 (5). 


Together with the above, consider now the commutative diagram 


(2.1), 
Pk+32% 4 
T,3 > > 


Pkis.oe 
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We have from § 7.2(6) that, if a’ is the generator of finite order in 
m3 = Z,+Z,., thena’ = i,,9,44, where a generates 7}, = Z,. Further 


= 
by § 5.2(c). Thus 


= 
F 9, 
since Vj,,,./S**! > S*+® admits a cross-section (5.1). Hence 
h*a’ ~ 0; and further, h*a’ h*{t,,44}- 
We now turn our attention to P§*+?. By Theorem 2.3 (g), 
is an isomorphism for k > 2, and 
is an isomorphism for k > 3. Further, it was shown in (B) of the 
Appendix to (9) that, for k = 3 (mod 4), Pk*+? is of the same homotopy 
type as BS*?, the space defined in Corollary 3.2 (C). Hence we have 
a homotopy equivalence i: Pk*? > Bk*+? when k = 3 (mod4). Thus, 
dropping unambiguous subscripts, we have 
h* ig hy = h* i gry, 2(PE*}) 
= 
= h*€*-7,( BS), by Corollary 3.2 (C), 
= ,7,(B3), by Lemma 3.1 (6), 
c 
where (2 is the subgroup of 7,(B3) generated by the elements of order two. 


Now it will be shown in the Appendix that 7,(B3) = Z,+-Z,, generated 
by @ and Z of orders 4 and 2 respectively, and further that 

€2(27%) = 0. Hence, since k > 7, there can be only one non-zero element 
in h*i, and that is €*-4(z). 

But ths = h* nfs, 
and i, and %,! are both isomorphisms. Hence there can be only one 
non-zero element in h*z?3. But we have from above that h*a’ - 0, 
and that h*a’ ~ h*{t,,44}- 
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Thus = 0. 
From this it follows that 72, = 73.3, since we saw that 

nh, & subgroup generated by 

Thus = Zo, 

generated by ANd Where 
= thysr 

Note that, since A, is trivial, p,.4, is onto. 

(c) When p = 3 and k = 3, (C) gives 


Pi« 3 tom 3 


A 


i.e. > 
by § 7.2(d) and since p,, is trivial by (a). Hence 73, is at most Z,. 
I now show that it is at least Z,. Consider the sequence associated 
with the fibring V,,/S* > V,5, which, starting with the term 73,4, is of 
the form 
134 > > 7;(S*) > > 3 > >, 
by the results of (a) above and of § 7.31 (a) and (6). From the exactness 
of this sequence we have that 7}, is at least Z,. Hence 
734 = 

and is generated by i; 94 P5,1«(h46}- Note that, since A, is trivial, p,, 
is onto. 

Further, since ig,)(0) = t, 44 7(S°) and since it also is zero from above, 
we have that 

= 0. 
(d) When p = 4 and k > 7, (C) gives 


i.e. > 
by § 7.2(e) and since p,,4, is trivial by (b). Also 

tg = Mera(S***), 
which is generated by 


We = = 0 


by (6). 
Hence Ths 18 an extension of Z, by Zz. 


Note that, since A, is trivial, p,,;, is onto. 
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To determine the extension consider the commutative diagram 


Pkisae A. 
g thas —> Tes a(S*) > 


* 


in which the horizontal sequences are associated with the fibrings 

S* > > Verso 
and the i,,,9 are isomorphisms. Also, by § 7.31 (c) and by (d) above, 
the i,,;3. are isomorphisms into. Then, when we use the results of 
§§ 7.2(e), 5.1, and 7.31 (c), the diagram becomes 

t 
> Zy4+Z,>Zy>. 
Let a = the generator of a Z, summand of 7} = 
and 6 the generator of a Z, summand of 73,3 = Z.,+2Z, as defined 
in § 7.31 (c). Then t,,3,4@ = 26. Now from the exactness of the lower 
sequence, or alternatively from § 7.2 (e), it follows that 
Aya = 12thy 3}- 
Hence 

Thus Ay 2b = 43} 0. 

But, if wh, were Z,+Z,, 2b would be in py.454 74 since 2b is of 
order two and there are just three elements of order two in each of 
Z.,+ Z, and the isomorphic image of Z,+ Z,. Hence A, 2b would have 
to be zero, and we have just proved the contrary. Thus 

fork >7, 
generated by a such that 44144 = 

(e) When p = 4 and k = 3, (C) gives 


i.e. —> <> Zot Z, > > Z, > 0, 
by § 7.2(f) and since p,, is onto by (c). Further, 


= tax 75°), 
which is generated by 


= = 0, 
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by (c). Hence 
3.4 ts an extension of Z,.+Z, by 


Note that A, is trivial, whence p,, is onto. 
We determine the extension as in (d) above by considering the com- 
mutative diagram 


3) 


P72 3% A, 


where the horizontal sequences are associated with the fibrings 
Vz > > Veo, 
and the i,,, are isomorphisms. Also, by § 7.31 (c) and by (e) above, 
the ig,, are isomorphisms into. We have further from § 7.2(f) that 
1424 77(S*) = 0, whence it also follows that i43,7,(S*) = 0. Then, by 
using the results of §§ 7.2(f), 5.1, and 7.31 (c), the diagram becomes 
t t 
Let a = p,{hs}, the generator of a Z, summand in 7},, and b the 
generator of a Z, summand of 7}, as defined in § 7.31 (c). Then 
= 2b. 
Further, we have from § 7.2(f) that A,a = 6{h,,}. Hence 
Ng 2b = = = tq on 5}. 


Now we had that 7}, is an extension of Z,,+ Z, by Z,; i.e. it is either 
Z.+Z,, or But, if were 2b 
would be in p,3,7$4 since 2b is of order two and there are just three 
elements of order two in each of Z,+Z,,+Z, and the isomorphic 
image of Z,,+Z,4+-Z,. Thus A, 2b would have to be zero, and we have 
just proved the contrary. Thus 7}, 4 Z.+2Z,+Z,. Neither is it 
Z.+Z, since it is impossible to map Z,+Z, isomorphically into 
Hence 


generated by i,,,4@, where a is of order four and p,,,a = {h,,}, and 
b, where p;,,5 = {hg,}, of infinite order. 


Thus Ay 2b = £0. 
t 
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(f) When p = 5 and k > 7, (C) gives 


Ay Pkise 
—> Ths > » >; 


i.e. Loy > > > Z, > 9, 
by § 7.2 (g) and since p,.,;, is onto by (d). Now we know from Theorem 
4.2(b) that 72, = Z.+Z, by §7.31(d). Hence 
me, = Z,4+Z, when k > 7, 
and is generated by t,431% Pi+s,1«(2e+2,4+5} and a such that 
= 
Note that p,.¢, is thus onto the Z, subgroup of 7;,4(S***). 
(g) When p = 5 and k = 3, (C) gives 


i.e. +> Zy > Z,4+-Zy > 134 > Z,> 9, 
by § 7.2(h) and since p,, is onto by (e). Further 
(0) = ty 4% 
which is generated by A¥,{t,4}. But, by Lemma 3.1 (b), we have that 
= Pore {tra} = 2{hss}, by § 2.3 (6), 
Hence = 2a+Ab (A= O0or 
where a generates a Z,, summand of 73, and 6 a Z, summand. 


To determine A we consider the sequence associated with the fibring 
¥.3/S* > V2, which is of the form 


A 
> 735 Pose whe >, 


ie. > > > 
by § 5.1, together with the sequence of § 5.1 


0 + 2,(S*) > m4(S°) > 0, 
Pe 


i.e. > Zot <—> Zug > 0. 


Thus = Porat = 
Hence Porat = Paths s}+u, 
where w is of order two. So 

24 = 2py{hs,s}- 
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Further, by § 2.4(6), we have that 
= {tr3}- 
by § 7.31 (d). Thus Po,2x(24+Ab) = po 2a. 
But p¢o%:73,3 is an isomorphism into by exactness, Thus A = 0, and 
stra} = 2a. 

Hence i,,'(0) is the subgroup generated by 2a, whence 

734 is an extension of Z,+-Z, by 
Note that A, 7,(S*) = 2Z,,, whence the image of p,, is the Z, sub- 
group generated by 12{h¢ 5}. 


To determine the extension, consider the sequence associated with 
the fibring V,,/S* > V,,, which is of the form: 


P7238 A, 
> 134 —> 7,(S°) >, 


i.e. > 2, > 
by § 7.31(d). But 73, has eight elements, whence by exactness pz 5 
is an isomorphism into. Since 7}, has no elements of order greater than 
two, this implies that 
734 = Z,+Z,+Z, 
and is generated by E{hs7}, Where = {hss}, and 
b, where pz 145 = {hes} 
8.5. k= 1. 
Again we first calculate 
{tsa} € 723 = by §7.1. 
To do this we define a projection p’: V,;->Vg. which maps p;}(s) 
homeomorphically onto V3, for each s € S* (which in R* has equation 
x2 +a?+az+a2j = 1). Let ve be represented by 
V=[en 
Vie 


Then V¥, = Vx V*’ is easily seen to represent a point v,€V,,. So we 


THE GROUPS 2,(Vam) 31 
define p’: Vj, > Va. by p’'v = v,. Note that p’is, = 1: Vy, > Vee, and 
further, that, if the cross-section p:S* > V,, is chosen to be given by 

P(Xq, Lg, 23) = 
then p’p(S*) = vp, the base point in V,,. Thus an element in z,(V3) 
is uniquely determined by its projection under p, and p,,,. 
Now we have from § 2.2 that ts 4(x9, 21, Z2, Zs) is represented by 
27524 273% . 
Thus ps, p'ts,4(%o, 73) is seen to be 
Xp), 
whence, by (7) 654, we see that ps, p’t;,4:S*—> S? is a map of Hopf 
invariant one. So Para = {hy}. 
{tsa} = Pate 2p a{hs,s}- 
(a) When p = 2, (C) gives 
Pox 


i.e. > 1.424, 


by § 7.1. Also i3,1(0) is generated by {t,,}. Using the above result, we 
have that 


generated by {i,, ph33}. Hence, by Theorem 4.2 (a), we also have that 
= Z 
2,3 
generated by {i,, phss}. Note that Ay4(0) = 0, whence p,, is trivial. 
(b) When p = 3, (C) gives 


m75(S*) Tis Tha m(S*) >, 
i.e. > 2,42, > 7}, >9, 
by § 7.1 and since p,, is trivial by (a). Also 
(0) = 74(S*), 
which is generated by 
= AZ Pa = tare + 2P 
= Pa 
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Thus ig,'(0) is a Z, summand of 7}, whence 
Tia = Z,, 
generated by {i,, ps4}. Note that p,, again is trivial. From Theorem 


4.2 (a) we also have that 
(2) 733 = 


generated by {i,, phs.4}- 
(c) When p = 4, (C) gives 


P A i P. 
m4(S*) —> —> 2,(S*) >, 


i.e. +> 
by § 7.1 and since p;, is trivial by (6). Also 
(0) = 

which is generated by 

sitsa} = + 2Pa{hss}) 

= t3.1% Pa tethes} + 2Pathss} = 
Thus 7;,'(0) is a Z, summand of 7}, whence we have that 
Tia = Ze, 

generated by {i,, phs,;}. Note that p,, again is trivial. From Theorem 


4.2 (a) we also have that 
generated by {i,, 

(d) When p = 5, (C) gives 


P 


i.e. > > > > 9, 
by § 7.1 and since p,, is trivial by (c). 

Unfortunately in this case we cannot make use of Theorem 1.3 since 
a,(S*) A Ex,(S*). On the other hand, Theorem 1.4 gives us that 
A, = which is generated by 

= +2h3,6 Pat hs,s} 
[h3,, being a homomorphism since there is a 
multiplication on S: see (4) Theorem IV] 


= + 2Pathse}- 
Using the results of §§ 5.3(b) and 7.1, we see that A, €z,(S*) is the 
subgroup 7?, generated by a+ 2b, where a and 6 are generators of 
complementary Z,, summands. The order of 7}, thus depends on 
Ax Pf{hz7}. I have not been able to evaluate this directly. However, 


THE GROUPS 2,(Vam) 33 


A. Borel and J.-P. Serre showed in (2) Proposition 19.3 that 72, = 0. 
From this it follows that A, p,{h;7} is an element which with a+ 26 
generates 7}, and so is of order twelve. Hence the image of p,, is 
the Z,, subgroup of 7}, generated by 12),{h,,7}. 

The method used by A. Borel and J.-P. Serre is as follows. It is well 
known that V,,,_, is homeomorphic to R,, the rotation group of S"-1, 
and that the universal covering group of R; is the second symplectic 
group Sp,. Thus 7}4 = 7,(Sp,). Now Sp, fibres over S’ with fibre 
Sp, [see (11) 25.5], and the sequence associated with this fibring is of 
the form A ‘ 

—> —*> —*> m6(Sp2) > 

since Sp, = S%. Now ig,'(0) is generated by the characteristic map of 
the above fibring, and A. Borel and J.-P. Serre show in Proposition 
19.1 of (2) that this characteristic map is a generator of 7,(S*). Thus 
a(Sp.) = 0, whence it follows that 


and 
the latter by virtue of Theorem 4.2 (a). 
(e) When p = 6, (C) gives 


i.e. Z,4+-2,7> 2,472, > > 9, 
by § 7.1 and since the image of p,, is a Z,, subgroup by (d). Again we 
cannot make use of Theorem 1.3. But, using the results of §§ 5.3 (b) 
and 7.1, we see that is generated by i314 Ps and p,{hs;}. 
Now 
= by Lemma 3.1 (5), 
= 0 
since i,, is trivial by (d). Similarly 
Pathsr} = tre Pa AG 
= Paths}, by Lemma 3.1 (6), 
=0 
since i,, is trivial. Thus = Za, 
generated by pz}, 12),{h, 7}. Again, from Theorem 4.2(a) we have 
73.3 = Za 
generated by p;}y 12p,{h, 7}. Note that, since i,, is trivial, A, is onto 
3695 .2.10 D 
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m3, whence it follows, since z,(S*) is abstractly isomorphic to 5, 
that Az'(0) = 0. Hence p,, is trivial. 


(f) When p = 7, (C) gives 


Poe 


P 
—> Ti 3 774(S*) >, 


i.e. 
by § 7.1 and since p,, is trivial by (e). As above, instead of using 
Theorem 1.3, we note that, by §§ 5.3(b) and 7.1, aj, is generated by 
ig and p,y{hs,}. Again 
= Ps by Lemma 3.1 (5), 
= 0 
since ?,, is trivial by (d). Similarly 
= Paths} 
= 
Thus i,, is trivial, whence it follows that 
and 
the latter by virtue of Theorem 4.2(a). Note that, by an argument 
similar to that at the end of (e), we have that py, is trivial. 


Appendix 
(A) The group z,(P4) 

We have from § 2 that V;, fibres over S4 with fibre S*. It is thus 
a seven-dimensional space, and the cellular decomposition of J. H. C. 
Whitehead’s in (13) shows that in fact, besides the P$ embedded in it, 
V;2 contains just one other cell, an £7’. Thus the pair (V;,, P}) is of 
the type considered in (14), and its double sequence is of the form 


—> E7, S®) m6(S*) S*) > 
|he 


Now 7,(#7, S*) = Z,, and 7,(#’, S*) = 0, and by Theorem I in (14) g, 
and g, are both isomorphisms. Also, by § 5.2 (e), 74(V52) = Z,. Hence 


m4(P3) is an extension of Z, by Z,. 
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Consider next the commutative diagram 


| Poese | | 


where the sequences are those of the pair (P$,S*) and the fibring 
V,./S'—> S4, and %& and p, as defined in §§ 2.3(d) and 1. From this 
follows first of all that 5, 7(P$, S*) = 0, since ,,, is an isomorphism 

and A, 7,(S*) = 0 by § 5.2(c). 

Next we calculate 7,(P3}, S*). Let Y§*! be the space consisting of an 
S* to which one (k+-1)-cell e*+4 has been attached by a map ¢ such 
that 6| B**!  S* is of degree two. Then (Y¥4, S*) is of the same homo- 
topy type as (P$, S%) [see (9) Appendix (A)]. Let S°* be the closure of 
the space obtained from Y$ by removing a 4-cell E* from the interior 
of the 4-cell of Y$. Then (¥$, S**) is of the same homotopy type as 
(Y4, S*). Consider thus the section of the upper sequence of the triad 
(Ys; 
Since i,, is homotopically equivalent to g,:7,(E4, E*) > 7,(Y$, S%), the 
homomorphism induced by the attaching map ¢, we have from Theorem 
1.2 in (6) that both i;, and i,, are isomorphisms into, and moreover 
from Theorem 1.7 of the same paper that i,,7,(£4, 4) is a direct 
summand of z,(¥4, S*). Further, since (S3*, £4) is 2-connected and 
(E4, E*) is 3-connected, we have from Theorem 1 of (1) that 

But 7,(£4, £4) = Z,, and we have from the lower sequence of the 
above triad that z,(S**, £4) = 7,(¥4, E*), and from the homotopy 
sequence of the pair (Y$, that 7,(Y$, = Finally 
73(P$), 
which by Theorem 2.3(g) is isomorphic to = Z, by § 5.2 (a). 
Thus E4, Z,@ Z, = Zy, 

Finally consider the relative homotopy sequence of the triple 

(V5.2, P?, S*), which is of the form 


Ph, 8°) > > Z,4+2,>. 


35 
i.e. 
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From this it follows by exactness that 

77(P2, S*) = Ex,(S%) € 
Hence, since w;., is an isomorphism, we have that 
84 77(P3, S®)= Ay = 2776(S*) 

by § 5.2(e). Thus = Z,. 

From the above it follows that 7,(P3) is an extension of Z, by Z,+-Z,. 
But we saw that it was an extension of Z, by Z,. Hence 

m6(P2) = Z,+2Z,. 

We need to know something about the suspension properties of one 

of the elements in 7,(P$) = 7,(¥4). So consider the diagram 


and let w and z generate respectively the Z, and Z, summands of 
a,(Y3). Then = igy {hy}. 
Hence 2w = Sigg {hyo} = = 2{hs,2} = 0, 
by (14) 4.5, since the attaching map is of degree two. 

Thus CG? 2w = 0. 

(B) The group 7¢(B3) 

Let B+? be the space consisting of Y4*+1! to which one (k+2)-cell 
has been attached by a map ¢ such that ¢| B*+?: B*+® > S* c Yk+ and 
is essential. Then it was shown in the appendix (B) of (9) that 
( Bk+?, Y§*+1) is of the same homotopy type as (P£+?, Pk+}) when k = 3 
— > (P§, PY) 
be a homotopy equivalence. Then we have the commutative diagram 


We have that 


(@) > 76(V5, is an isomorphism by Lemma 2.3 (f), 
and so are p, and g,. But p,, is trivial by § 7.2 (6). 


Thus trivial. 
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(6) By Theorem 1 in (3), i%%1(0) is the union of ¢,7,(S*) and 
74(S*), 7,(¥$)], where ¢ is the attaching map of the 5-cell in 
76(S*) = hg 7o(S*) = 676(S*) = 0 
by (A) above. Also 3(¥$) = 7, 77,(S*) 
since 7,(¥4, S*) = z,(S*) = 0. Thus 
74(S*), 79(¥3)] = 74(S4), 79(S*)] 
= i,[74(S*), 7(S*)] 
= 0 
since all Whitehead products vanish on S%, 
Thus ing (0) = 0. 
Now let @ = ig, w, of order four, and Z = %,z, of order two. Then 
265 = Ci,, 2w = ig, C2 2w = 


by (A) above. 
Hence = Z,+Z,, generated by and Z, where €? 2% = 0. 
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From this it follows by exactness that 

Pu 77(P2, S*) = Ex,(S*) € 7,(S*). 
Hence, since #; 9, is an isomorphism, we have that 
77(P3, Ay = 277,(S*) 

by § 5.2(e). Thus i, 7(S*) = Z,. 

From the above it follows that 7,(P3) is an extension of Z, by Z,+ Z,. 
But we saw that it was an extension of Z, by Z,. Hence 

m(P3) = 

We need to know something about the suspension properties of one 

of the elements in 7,(P3) = 7,(¥4). So consider the diagram 


—> m,(S°) > 
—> ¥'$) > 
and let w and z generate respectively the Z, and Z, summands of 
§). Then ow 
Hence 2w = Crigathso} = tox 6} = tae = 0, 
by (14) 4.5, since the attaching map is of degree two. 

Thus 2w = 0. 

(B) The group 

Let Bk*? be the space consisting of Y$+! to which one (k+-2)-cell 
has been attached by a map ¢ such that ¢| B*+?: Bk+2 ~ S* c YE+ and 
is essential. Then it was shown in the appendix (B) of (9) that 
( Bk+?, YE*1) is of the same homotopy type as (Pk+?, Pk+!) when k = 3 
q:(B3,Y$) > PY) 


be a homotopy equivalence. Then we have the commutative diagram 


| 


Pex 
We have that 


(4) P2) > 76(V,5, V5.2) is an isomorphism by Lemma 2.3 (f), 
and so are p, and qg,. But p,, is trivial by § 7.2 (6). 


Thus Jox trivial. 
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(6) By Theorem 1 in (3), i%,1(0) is the union of ¢,7,(S*) and 
[by 74(S*), 7,(¥$)], where ¢ is the attaching map of the 5-cell in B3. 
= 76(S*) = 676(S*) = 0 
by (A) above. Also = 7, 
since 7,(Y3, S*) = = 0. Thus 

= t,{74(S%), 75(S*)] 


= @ 
since all Whitehead products vanish on S*, 
Thus = 0. 


Now let @ = %%, w, of order four, and Z = %%, 2, of order two. Then 


2675 = 2w = EC? 2w = 0 
by (A) above. 
Hence B?) = generated by and Z, where €? 2% = 0. 
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ISOMORPHIC RINGS OF INFINITE MATRICES 
By H. F. GREEN (London) 
[Received 26 September 1957] 


1. Introduction 


Let X(«) be the set of all infinite matrices which map a sequence space 
a into itself, all the series which arise in the transformations being 
absolutely convergent. Then <(a) is a ring if a contains ¢ and is 
normal, or, in particular, if « is perfect [(3) 313]. When « = ¢ and 
X(«) is a ring, then [(3) 312] 


Za) S B(a**). 


There are spaces « which contain ¢ and are not normal for which &(a) 
is a ring, and there are spaces « such that £(«) is not a ring [(3) 307, 
313]. 

It is known that, if a and f are normal and contain ¢ and are homeo- 
morphic in the Kéthe—Toeplitz sense, then the rings and 
are isomorphic over the centre [(3) 323]. In this case the homeo- 
morphic mapping of a on § is induced by a matrix A, and the iso- 
morphism between the rings can be written X(a) = A~'X(8)A. In this 
paper the converse of this result is established. It will be proved that, 
if x and f contain 4, and if X(«) and X(8) are rings which are isomorphic 
over the centre, then (i) the spaces « and 8 are homeomorphic, (ii) the 
spaces a* and 8* are homeomorphic, (iii) the isomorphism between 
the rings can be written 

U(a) = A*L(f)A, 


where A is an infinite matrix whose transpose maps f* on a*. It will 
follow that, if « and 8 contain ¢ and are normal, then the rings ©(a) 
and X(f8) are isomorphic over the centre if and only if the spaces a and 
B a.c homeomorphic. 

The essential step in the proof of these results follows as a particular 
case of a theorem of Jacobson’s which establishes that isomorphism 
between certain rings of transformations on two vector spaces implies 
the existence of a one-to-one semi-linear transformation of one vector 
space on the other [(4) 266]. 

In order to ensure that some of the transformations which arise 
are induced by matrices of the type A = (a,,,) (n,k = 1,2,...), some 
Quart. J. Math. Oxford (2) 10 (1959) 38-42 
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results on the transformations of sequence spaces are established in § 3. 
These are generalizations of known results [(3) 287, 294]. 


2. Notation and definitions 
In accordance with the notation conventional in matrix theory, 
I shall define the product AB of two transformations A and B in a 
sequence space « by the relation 
(AB)x = A(Br) (rea). 


A transformation is said to be linear when it preserves the algebraic 
operations in the vector space. 


The scalar product s x;y; of two vectors, one x = {x,;} belonging to 


a sequence space a and the other y = {y;} belonging to the Kéthe— 
Toeplitz dual space a* of a, will be denoted by (x, y). 

Two rings of matrices are said to be isomorphic over the centre if 
(i) the rings are isomorphic, (ii) the isomorphic mapping leaves scalar 
matrices invariant [(3) 321, 322]. 


3. Transformations of sequence spaces 

We shall require the following lemma: 

Lemma. /f (i) « > 4,8 2 ¢, (ii) Sa*, P*, (iii) L is 
a linear transformation of « into B such that ax'—lima™” =2€a 
implies B8’—lim La” = La, then there exists a unique matrix A such 
that Ax = Lx for every x in x. 

Let e” denote the unit vector whose coordinates are given by e” = 1, 
Let Le = = {a,,, ag,,...}, and let A be the 
matrix whose kth column vecter is a® (k = 1, 2,...). 


Suppose that = € a, and let 2” = x,e, Then [(2) 289] 


ax’—lima” = 2, 
and hence Bp’ —lim = Lx. 
We have 


Hence La” = Ax, and the result sttows from coordinate convergence. 


TueoreM |. If «and B contain ¢ and are homeomorphic, there exists 
a matrix A such that B = Aa, and A has a unique two-sided reciprocal 
which maps B on «a. 
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There is a one-to-one linear transformation LZ such that La = 8, and 
L has the property that a—lima” = x2 € « implies B—lim La” = Lea. 
The transformation J has an inverse L~! which maps f on «. It follows 
from the lemma that there is a matrix A such that Ax = Lz (x € a), 
and a matrix B such that By = L-'y (yes). If rea, we have 
B(Ax) = = x. Putz = e = 1, 2,...) and we have BA = 
the unit matrix. Similarly AB = J. We observe that, in this case, the 
absolute convergence of the series which arise in the products BA, AB 
may not follow, as it does in the case when a and f are normal [(3) 294]. 


4. Isomorphic rings 

THEOREM 2. If (i) a2 4, B24, (ii) 6S a’ Ca*, P’ Cc 
(iii) g is an isomorphism over the centre of the ring X (x) on the ring X28), 
then there exists a matrix A with a two-sided reciprocal A-! such that 

(i) A’p’ =a’, 
(ii) A“B=a, = 
(iii) g(X) = AXA-, forall X €X (a). 

The ring of all transformations induced in a by matrices in ©, (a) is 
the ring #(«' x) of all linear transformations in a which have transposes 
in the dual space a’ [(1) 503], and the ring of transformations induced 
in 8 by matrices in (8) is the ring #(8"|8). The transformation in- 
duced in « by a matrix X € X,(«) will be denoted by 7'y. 

We may regard g as an isomorphism of the ring #(a’|«) on the ring 
¥(B'\8). It follows that there is a one-to-one semi-linear transforma- 
tion U of « on 8, whose transpose U’ maps f’ on a’, such that [(4) 266] 


g(Tx) = UT, 
To the transformation U corresponds an automorphism u in the com- 
plex field @ such that U(ax) = a“Ux, for every « in © and z in a [(4) 
236). Ifvef,ae@, we have 
av = (al)v = g(al)v = (UT,, U")v = av. 
Thus a“ = a for every a in @, and it follows that U is linear. Suppose 


that = rea. 


Then, if y € fp’, we have 


lim y) = lim U'y) = (x, U'y) = (Ux, 9). 


Hence ff’ —lim Ux” = Ux. It follows from the lemma that there is 
a matrix A = (a, ,) such that Ax = Ux for all z in a. The transforma- 
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tion U-! is a linear transformation of 8 on a, and it follows in the same 
way that there is a matrix B = (6,,) such that U-ly = By for all 
y in 8. Similarly there are matrices E = (e,,) and F = (f,,) such 
that U'y = Ev and (U’)-!z = Fz, for all v in f’ and z in a’. 

Since A maps « on 8, it follows that the column vectors of A are in f. 

Similarly the column vectors of B are in a. If ye, then 

A(By) = U(U“Y) = y. 
Taking y = e (i = 1,2,...), we obtain AB = J. Similarly BA = J. 
Thus B = A-}, 

If xe and ve Pf’, we have (Az,v) = (Uz,v) = (x, U'v) = (x, Ev). 
Taking x = &, v = & (i,j = 1,2,...), we obtain Z = A’. Similarly 
F = B’. This proves (i) and (ii). 

Ifye Band X €X,(«), we have 

g(X)y = g(Tx)y = (UT x = = A{X(A-y)}. (2) 
I shall prove that the product AXA~! is associative. The column 
vectors of A’ are in a’, and, since X’ maps a’ into a’, it follows that the 
column vectors of X’A’ are in a’. The row vectors of (A~!)’ = B’ are 
column vectors of B and belong to «. It follows that (A~-1)’(X’A’), and 
hence (4X)A-', exists. Similarly the product A(XA-!) exists. We 
have 

{AX.A-}}, ; = (Ate, (X’A’)e) = (XA-le, A’e) = {A.XA-}}, 

(3) 
Thus AX A- is associative, and, from (3), we obtain 
(A{X(A-ty)}, €) = (A-ty, (X'A)e) = (y, 
= ((AXA~)y, e®). 
It follows, from (2), that g(X)y = (AXA-)y for all y in 8. Taking 
y=e (i= 1,2,...) we obtain g(X)= AXA-. This proves the 
theorem. 

TueoreM 3. [f (i) « ¢, B 2 4¢, (ii) and X(8) are rings which are 
isomorphic over the centre, then the spaces « and B are homeomorphic, 
and the spaces «* and B* are homeomorphic. 


We have [(3) 309, 312] 
X(a) = X,.(a), = 


We use Theorem 2 with a’ = a* and fp’ = f*. It follows that there 
is a linear transformation U and that Ua = 8B, U-18 = a, and that, 
by equations (1) of Theorem 2, U is continuous under projective 


| 
4 
id 
q 
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convergence [{(3) 274]. Similarly U-! is continuous under projective 
convergence. Hence « and 8 are homeomorphic. 

Theorem 2 also shows that there exists a matrix A such that 
A’B* = a* and (A~!)'’a* = Hence, if wu and v are in f* and 
A'u = A’v, then 

(A-1)'(A’u) = 
and u =v. The change in the order of summation implied here is 
justified {(3) 284]. Thus the mapping of £* on a* is 1-1. The trans- 
formations are continuous [(3) 284]. This proves the theorem. 

We observe that the isomorphism between the rings can be written 

= A-!Z(B)A. 

TuHeoreM 4. Jf « and B contain ¢ and are normal, the rings X(«) and 
(8) are isomorphic over the centre if and only if « and B are homeo- 
mor phic. 

It is known that, if a and 8 are homeomorphic, then the rings &(«) 
and X(f) are isomorphic over the centre | (3) 323]. Theorem 3 establishes 
the converse. 

THeoreM 5. Jf (i) «and B contain 4, (ii) and X(8) are rings which 
are isomorphic over the centre, then the rings X(a**) and X(8**) are iso- 
morphic over the centre. 


We observe [(3) 312] that is a subring of X(«**), and that 
is a subring of &(8**). The spaces a* and £* are homeomorphic, by 
Theorem 2, and hence «a** and 8** are homeomorphie [(3) 295]. The 
isomorphism between the rings &(a**) and X&(8**) follows [(3) 323}. 


CoroLuaRy. If (i) «a and B contain ¢ and are normal, (ii) the rings 
X(a) and X(8) are isomorphic over the centre, then the rings X(a**) and 
X(8**) are isomorphic over the centre. 


This is an important special case of Theorem 5 and follows imme- 
diately. 
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1. A TREE is a finite, connected graph with no closed paths; a tree has 
therefore one more vertex than it has lines. The number of lines of the 
tree will be denoted by n. The tree is free if its vertices are regarded as 
indistinguishable, and rooted if one of its vertices (the root) is regarded 
as distinguishable from the others (which are indistinguishable among 
themselves). Let ¢,, 7), denote respectively the number of free and 


e 


&=2 4 


rooted trees having n lines (n = 1, 2,...). Write 


n=0 n=0 
(where ty = T, = 1). 
Then it has been shown [see (3), (1)] that 
t(x) = (1) 
The object of this paper is to give a proof of (1) by an elementary 
argument which makes use of the concept of the ‘centre of mass’ of 
a tree. This proof of (1) seems to be somewhat simpler than either of 
the two mentioned above. 
I shall show that, if n = 2m, 
Quart. J. Math. Oxford (2) 10 (1959) 43-45 
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and, if = 2m-+-1, 

These two sets of equations are together equivalent to (1). 


2. If P is a vertex of the tree and PQ a line of the tree ending in 
P, then the branch (P, PQ) of the tree consists of P together with all 
vertices which can be reached from P by paths going through Q and 
all lines of such paths. A branch of a tree is thus a sub-tree of that 
tree. If PQ,,..., PQ, are the lines of the tree which end in P, and if 
the branch (P, PQ;) contains h; lines (¢ = 1,...,k), the weight of the 
vertex P is max(h,,...,4,). The centre of mass of the tree is the set of 
those vertices which are of minimum weight. 

It can be shown [(2) 70-75] that either there is a single point M of 
weight not exceeding 4n, or there are two adjacent points M,, M, 
of weight 4(n+-1). In the first case the centre of mass consists of the 
single point WZ. In the second case which can occur only if n is odd) 
the centre of mass consists of the pair of points M,, M,, and the branches 
(M,,.M, M,), (Mz, M,M,) each contain 3(n-+-1) lines. 


3. The free trees with n lines having a single point M for the centre 
of mass can be obtained from the rooted trees with lines having M 
as the root by rejecting those in which one of the branches ending in 
M has more than 4n lines. Clearly there can be only one such branch, 
(M,MN) say. The rooted trees in which (M, MN) has r (> 3n) lines 
can be obtained by taking the line .VN and attaching 


(i) a rooted tree with r—1 lines and root N to the vertex N, 
(ii) a rooted tree with n—r lines and root M to the vertex M. 


This can be done in 7_, T,,_, ways. Thus the number of free trees whose 
centre of mass consists of a single point is 


T,,—(T% T,atT, Tn Tn) (n = 2m), 
(In each case r takes the values m--1,..., n.) This completes the proof 
of (2). 

The free trees with n lines (where now n = 2m-+-1) having the two 
points M,, M, for the centre of mass can be obtained by attaching 
rooted trees with m lines and roots M,, M, to the vertices M,, M, 
respectively of the line M, M,. This can be done in }7,,(7,,—1) or T,, 
ways according as the rooted trees attached to M,, M, are different or 
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identical. (In the resulting free tree M,, M, will be regarded as in- 
distinguishable; hence the factor 4 in the first of the above terms.) 
Thus the number of free trees with n (= 2m-+-1) lines whose centre of 
mass consists of a pair of points is 


4T,,(T,,+1)- (5) 
Equation (3) now follows from (4) and (5). 
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Ler K be a convex body in &,,, symmetric in the hyperplane x, = 0. 
Further let A* be the convex body in F&,,,, obtained when K is rotated 
about x, = 0. Dr. Whitworth has pointed out to me that, in all the 
cases where the critical determinant of such a body A* is known, there 
exists at least one critical lattice of A* containing a critical lattice of 
K and has questioned whether this is always true. I give here an 
example to show that it is in general false. The argument is based on 
the three-dimensional case of a theorem of Swinnerton-Dyer’s (1), 
which asserts that any critical lattice of a convex body in R,, has at 
least n(n+1) of its points on the boundary of the body. 

Let a, 6 be a pair of positive numbers such that }b << a <b. Form 
the hexagon AK in R, with vertices (a,1), (6,0), (a,—1), (—a,—1), 
(—b,0), (—a,1). A is symmetric in the line z, = 0. Hence there is 
a K* associated with A. I assert that no critical lattice of A* contains 
a critical lattice of A. For assume that this assertion is false. It is 
well known that there is just one critical lattice A of A, and A is 
generated by the points (0,1), (Ja+36,4). By hypothesis there exists 
a critical lattice A* of K* containing A. All the points of A* lie in 
hyperplanes of the form 2, = ne (n = 0,+1,+2.,...), where c is some 
positive number. Evidently d(A*) = cd(A) = 3c(a+6). All the points 
of A lie on lines of the form 

x, = }n(a+b), %,=90 (n= 0,+1, +2....), 


and on each of these lines the points of A are spaced at unit distance 
apart. Since 2a > }(a+-6), it follows firstly that there is at least one 
point of A* of the form (x},x},c) with the property that |z}| < a; and 
secondly that the points of the form (x},2,+n,c) (n = 0,+1, +2....) 
also have this property. 

The part of A* which lies between the hyperplanes |x,| = a is a right 
circular cylinder of unit radius. I assert that c > v}?. For assume that 
< v}. The line (x, 2,+-+t,c) intersects K* in the points {7}, ./(1—c?), c} 
which are at a distance 2,(1—c?) apart. But 2,/(1—c?) > 1, which 
implies that at least one of the points (x, 2,-+-n,c) of A* is in the interior 
Quart. J. Math, Oxford (2) 10 (1959) 46-47 
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of K*. Since A* is a critical lattice of K*, this is impossible. Therefore 
c > vj}, and hence d(A*) > 4v3(a-+5). 

The lattice A’ generated by the points (0, 1,0), 44, 3,0), (0, is 
K*-admissible. Moreover 

d(A’) = 4v}(a+b) < d(A*) = A(K*). 

Hence A’ is a critical lattice of A*. But A’ has just ten of its points 
on the boundary of K*, viz. (0,1,0), (fa+46,4,0), (fa+4b, —},9), 
(0, 4,42), (0, —4, v3) together with their reflections in the origin. It is 
known, by the result of Swinnerton-Dyer’s (1) quoted earlier, that any 
critical lattice of a three-dimensional convex body must have at least 
twelve of its points on the boundary of the body. This is a contradiction 
which proves the result. 
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1. Introduction 
In 1858 Cayley (4) published, without proof, the theorem: If 


6 oR. 
= 


2C n=0 


B;.] »[C—A, C—B; 
then :| > 2", (1.1) 


and, in 1899, Cayley’s theorem was proved by Orr (5) who obtained 
some additional theorems of a similar type, Again Bailey (2) in 1935, 
Burchnall and Chaundy (3) in 1949, and P. Henrici (6) in 1955 deduced 
further results of the above type. In this paper I obtain certain 
theorems involving products of bilateral hypergeometric series. Some 
of these theorems are the generalizations of known results cited above; 
others are believed to be new. 
The following notation has been used throughout the paper: 
(2), = a(a+-1)(a+ 2)... (a+n—1), 1, 
(a)_» (—1)"/(1—a),, 
b,, bg,..., 6, 
and idem(a; b) means that the preceding expression is repeated with 
a and 6 interchanged. 


2. Slater (7) in 1952 established the relation 


1+6,—a,, 1+6,—q,..., 1+6,,—4,, a,—Cy, A, — 


1+-6,—a,, 1+-b,—a,,..., 1+6),—a, 


+idem(a,; @3,..., = 0. 
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If we first replace M by M-+N in (2.1) and then cy,,y and by, by 
and by, y—n respectively, we obtain, 


1+6,—a,, 1+-6,—4),..., Ay Ay—Cyin 


1 +¢,—d,..., 1 
(a,;—Cy +n)n 


Ay. 


+idem(a,; Ag, ay +n) = 0. (2.2) 


Taking now M = 2, N = 1, a, = 6, = 1, and c,; = 0 in (2.2), we 
get 
| 1+a;—4,, a,—4a3; (a,—bs),, 


1+b,—ag, 1+6;—a,, a,—C, 


1+c,—a,, l1—a,—n; 


2—a,, 1+6,—a,, 1 +idem(a,; a3) 


pf 42, 43, 2—ay, 2—a3;](1—bs), Cy, Cg, 

bs, 1—c,, 1—e, (Dn of by, bs—n | 

Next replace ¢,, by, respectively by 2A, 2B, 2C, D, and 

take b, = B—C in (2.3). Then use first § 4.5 (1), with e = 3(1+a), 

and then § 7.2 (1) of Bailey (1) after transforming the terminating ;F, 
on the right with the help of the transformation 


a,b,—n;] _ (e—a),(f—a), 1+a+b—e—f—n, a, —n; 
e,f fn aA 1+a—e—n, l+a—f—n 


We then get the transformation 


1+E—D, D—E; 
(D)n 


|: (2.4) 


1+2A—D, 14+2B—D, 1—D—n; 


A, B, —C—n, —n; 


x 
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Now with the help of (2.5), when we compare the coefficients of 2”, 
we obtain the theorem: 


THEeorREM I. Jf 


1+ E—D, D—E; 
14+20—D, 3+4+B—C—D, D—2A, D—2B 


D—4—A—B+C; 14+2A—D, 14+2B—D; 
D =| 1420—D | + 
+idem(D; = 6, 2", 


then 


r D, E, 2—D, 2—E; 
20, 4+A+B—C, 1—2A, 1—2B)* *| C 
C—A, C—B; 
| 


= B+O on, where \z| = 1. 
Again, in (2.5), replace A, C by A—}, C—} respectively, and then 
transform the terminating ,F, on the right by § 7.2 (1) of Bailey (1). 
We get another relation with the help of which, when we compare the 
coefficients of 2", we obtain the theorem: 


THEOREM II. Jf 


x 


a—zr| 14+E—D, D—E; 


20—D, 3+4+B—C—D, 14+D—2A, D—2B 

D—}—A—B+0C; 24—D, 14+2B—D; 
th] D =| 2—D + 

then 
D,E,2—D,2—E; 

20—1,44+A+B—C, 2—2A4, 1—2B] * 


A, B; C—A, C—B-—}; 
a,2", where |z| = 1. 


If we put D = | in Theorems I and II, we get, as their special cases, 
two theorems due to Orr given in § 10.1 of Bailey (1). 
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Again, replace ¢,, a3 respectively by 2A, 2B, 2C, D, E, 
take b, = 1+A+ B—C in (2.3), and then transform the terminating 
3%, on the right into a terminating Saalschiitzian ,F, with the help of 
the known result given in § 10.1 (1) of Bailey (1). We get 


1+ E—D, D—E; 
14+2C—D, 24+-A+ B—C—D, D—2A, D—2B 
(D—1—A—B+C), 
(D),, 
H 14+2A—D, 14+2B—D, 1—D—n; 
2—D, 14+-2C—D, 24+-44+ B—C—D— 
D, E, 2—D, 2—E; (C—A),(C—B), 
120, 14+A+B—C, 1—2A, 1—2B (1),(C)» 


x 


+idem(D; E) 


A, B, 4—C—n, —n; 
Now the transformation (2.6) gives, on comparison of coefficients of 
2", the theorem: 
THeEoreEM III. Jf 
1+ D—E; 
1+2C—D, 2+A+ B—C—D, D—2A, D—2B 


C—A—B-1+4D; 1424—D, 14+2B—D; 
D =| 2—D, 14+20—D 


+idem(D; FE) = a, 2", 


then 


D, E,2—D,2—E; C—A, C—B; 


= (C+), where |z| = 1. 

If we put D = 1 in Theorem III, we get Cayley’s theorem (1.1). 
Bailey [(2) Theorems I-III] has obtained several other theorems, the 
type of those given by Cayley and Orr involving products of a ,F, and 
a ,F,. It may be remarked that with the above technique after taking 
M = 3, N = 1, a, = 6, = 1, and c, = 0 in (2.2) and transforming the 
terminating ,F, in the manner Bailey has transformed them to prove 
his theorems, we can get the generalizations of Bailey’s theorems. 
However, in this case there will be the sum of three products of bilateral 
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hypergeometric series on the left instead of the sum of two as in the 
above Theorems I-III. 

3. In this section I obtain a generalization of Henrici’s theorem (6). 
We replace c,, bs, respectively by 1+ K+ B, 1+-K, 14+-K—A, 
D, E, take 6, = 14+-B in (2.3), and then transform the terminating 
3/, on the right into a terminating Saalschiitzian ,F, by using first 
§ 4.5 (1) and then § 7.2 (1) of Bailey (1). We get 

1+E—D, D—E; 
2+ B—D, 2+ K—A—D, D—1—K—B, D—1—K 
+4), 
2+K+ B—D, 2+ K—D,1—D—n;].. 

D, E,2—D,2—E; (A—K),(A—K-+n),, 

L1+B, 14+K—A, —K—B, —K} (1),(1+A+B+n), 

14B, }(2+K—A)—n, 

Now with the help of (3.1), when we compare the coefficients of 2", 
we deduce the theorem 


THEOREM IV. /f 


x ath] 


14+ E—D, D—E; 
2+ B—D, 24+-K—A—D, D—1—K—B, D—1—K 


D—1—K-+A; 2+K+B—D, 2+K—D; 
D 2—D, 24+ B—D 


+ 


+idem(D; £) = 


n=—@ 
then 
r| D, E, 2—D, 2—E; M1+K+B), ¥2+K+B); 
1+B, 1+K—A, —K—B, —Kj*' 1+B 


4(A—K), $(14+A—K); 
1+A | 


a,2" where |z| = 1. 


(1+A+B+n), 


If we put D = | in Theorem IV, we get the corollary: 
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Corotiary. If 


n=0 


1+B 
then 
3(1+K-+ B), 3(2+K-+ B); 3(A—K), }(1+A—K); 
B+n), 
a,2", where |\z| <1, 


which is Henrici’s theorem given in (6). 


4. So far I have deduced the generalization of certain known 
theorems. In this section I obtain certain theorems which are believed 
to be new. If we first put M=—3, N=1, a,=b,=1, «4 =9, 
a, = b, = 1+¢,—¢,, and b, = 1+-c,—c, in (2.2), we get a relation 
between two non-terminating nearly-poised ,H,, a non-terminating 
nearly-poised ,F3, and a terminating nearly-poised ,F;. If we put 
1+ 4c, in this new relation and replace ¢,, cs, b4, a3, 44 respectively 
by A, B, W, D, E, we obtain the transformation, 

14+ E—D, D—}A, D—E; (D—W),, 
2+A—B—D,14+W—D, D—A, D—1—4A, D—B} (D), 

1+A—D, 2+4A—D, 1+ B—D, 1—D—n; 

D, E,1—}4A,2—D,2—E; ]|(1—W), 
[14+A—B, W,1—A, —3A,1—B] (1), 

A, 1+4A, B, —n; 
14A4—B, (4.1) 
Now using first § 4.5 (1), with c = 1+-}a, and then § 7.2 (1) of Bailey 
(1) to transform the ,F, on the right of (4.1), we obtain, 
14+ E—D, D—}A, D—E; 
24+A—B—D,14+W—D, D—A, D—1—43A, D—B} (D), 
1+A—D, 24+4A—D, 14+ B—D, 1—D—n; 

|14+A—B, W,1—A, —}3A,1—B] (1),(1+A—W),, 


3(1+A), 1434, W—B—n, 
a 


x 


x 
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Hence, with the help of (4.2), when we compare the coefficients of 
2", we obtain the theorem: 
THeoreM V. Jf 
1+ E—D, D—}A, D—E; 
2+A— B—D, 1+-W—D, D—A, D—1—}A, D—B 


4 [i +4—D, 2+44—D, 14+ B-D; 
D 2—D, 1+44—D, 24+A—B-—D 


+idem(D; RB) == 2", 


n= = 
then 
1+A—B, W,1—A, —43A,1—B 1+A—B 
—3W; 
” 


-> W),, a, where l. 


If we put D = 1 in Theorem V, we get the corollary: 
If 


A, 1+44, B; | 


(1 2) 1+A— B > a, 


n=0 


then 


1+4—B 1+B—W 


"a, 2", where |z| <1. 
n=0 
This is believed to be a new result. 
Again, if we take 

M = 4, N = a, 1, Cs = 0, as => b, = 1+¢,—Cg, 
in (2.2) and then in the new relation ale 
we get a relation between three ieimaiioas non-terminating ,H, and 
a terminating nearly-poised Saalschiitzian ,F,. Now replace c,, cs, C4, 
as, 4, a; respectively by A, B, C, D, E, G and use first § 4.5 (2) (after 


! 


ON BILATERAL HYPERGEOMETRIC SERIES 55 


making the nearly-poised ,F, a Saalschiitzian to reduce the Saals- 
chiitzian ;F, into a Saalschiitzian ,F,) and then § 7.2 (1) of Bailey (1). 
We obtain 


(1—E)\(1—@) x 


1+ E—D, 14+G—D, D—4A, D—E, 
24+A—C—D, 14+2B+20—A—D, 
D—A, D—1—}A, D—B, D—C 
(D+-A~2B~20), 
(D), 


1+A—D, 2+4A—D, 14+ B—D, 14+C—D, 1—D—n; 


2—D,1+4A4—D, 2+A—B—D, 24+A—C—D, 
14+2B42C—A—D—n 


+idem(D; E, G) 


D, E, G, 1—4A, 2—D, 2—E, 2—G; 
14+A—C, 2B+2C—A, 1—A, —}A, 1—B,1—C 


(1+24 —2B—2C), ($4 —B),(§+4A—B—C), 
(1+A—B), (1),(4+A—B—C),, 


144A, }(14+A)—C, 2B4-C—A—n, — 


(4.3) 


Hence with the help of (4.3), when we compare the coefficients of 2”, 
we obtain the theorem: 


Tueokem VI. If 
(1—E)(1—@) x 


1+ E—D, 14+G—D, D—}A, D—E, D—G; 
24+A—C—D,14+2B+20—A—D, 
D—A, D—1—}4, D—B, D—C 


1+4—D, 24+44—D, 14+ B—D, 14+C0—D; 
—D,1+}4A—D, 2+ A—B—D, 24+A—C— p*|\t 


+idem(D; G) = a, 2", 


= 
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then 


r| D, E, G,1—4A, 2—D, 2—E, 2—G; 
14+A—B, 14+A—C, 2B+2C—A, 1—A, —}A, 1—B, 


pl (14+4)—C; ,[44—B, 4(14+4)—B—C; 
1+A—C 1+A—2B—C | 


If we put D — 1 in Theorem VI, we get the corollary: 


Jf 


(1 —z)28+2C A 


® 
- p a,2 
n=0 


A,1+4A,B,C; 
then 
144A, 3(14+A)—C; ,, (14+A)—B—C; 
14+A—C 1+A—2B—C | 


3 -@,2", where |z| <1. 

S, (14-24 —2B—20), (14+ A—2B—O), 

This also is believed to be a new result. 

In § 4.5 (2) of Bailey (1) the Saalschiitzian ,F, is reducible to a 
Saalschiitzian ,F, when the nearly-poised ,F, on the left is such that 
in it the sum of the denominator parameters exceeds that of the 
numerator parameters by two. Hence following the above technique 
we can also obtain another theorem of the type of Theorem VI. Also we 
can get two more theorems if, with the help of § 4.5 (1) of Bailey (1), we 
transform the terminating ,F, in the relation involving three nearly- 
poised ,//, and a terminating nearly-poised ,F, which can be obtained 
from (2.2). For then the nearly-poised ,F, series in it can be made either 
Saalschiitzian or such that in it the sum of the denominator parameters 
exceeds that of the numerator parameters by two. 


5. In this section I obtain a theorem containing more parameters. 
We put first 
M 4, a, = b, 1, C4 b, = 1+¢,—C,, bs = 1+¢,—Cy 
in (2.1) and then in the new relation replace c,, C3, @3, 
respectively by A—n, B, C, W, D, BE, G. We get a relation between 
three non-terminating nearly-poised ,H, and a terminating nearly- 
poised ,F, of the second kind. Now using §4.5 (1) of Bailey (1) to 
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transform the terminating ,F;, into a terminating ,F,, we obtain 
(I—E)(1—@) x 


xr], 1+-E—D,14+G—D, D—E, D—G; 
24+A—B—D, 24A—C—D, 14+W—D, D—A, D—B, D—C 
(D4. 
(D),(D—A), 
14+A—D—n, 14+ B—D, 14+C—D, 1—D—n; 
2—D, 24+ A—B—D—n, 2+ A—C—D—n, 14+W-—D 


+idem(D; E, @) 
r| D, E, G, 2—D, 2—E, 2—G; 
1+A—B, 14+A—C, W, 1—A,1—B,1—C 
(B—A),(C—A),(W—A-+n), 


(1),(1—A),(W), 
1+-A—W—n, }(A—n), 4(14+-A—n), 14+ A—B—C—n, —n; 
A—B—n, 14A—C—n, }(14+-A—W)—n, 14+-}(A—W)— 


(5.1) 


The transformation (5.1), when we compare the coefficients of z", 
leads to the theorem: 


TueoreM VII. Jf 


1+E—D,14@—D, D—E, D—@; 
B—D, 24+A—C—D, 14+W—D, D—A, D—B, D—C 
14 B—D,140—D; 
D4+B—A—1, D+ C—A-1; 


+idem(D; E, G) = a, 2", 


x 


then 


D, E, G, 2—D, 2—E, 2—G; 4 
(l—z)-4x 
14+.A—B, 14+-A—C, W, 1—A, 1—B, 1—C 


W—A, B+ C—A,1—A 


=> here = 


If we put D = 1 in Theorem VII, we get the corollary: 
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CoroLiaRy. Jf 


B—A,C—A;,]_< 
then 
B—A, C—A, }(W—A), 3(1+W—A); 
1—z)-4 2(1—z 
Al W—A, B+C—A, 1—A | 


(W),, 
pa (B+ , where |z| <1. 
The above result also appears to be new. It may be remarked here 
that bilateral analogues of Theorems IV, V, VI of Bailey (2) can be 
easily obtained by using the above technique and suitable substitu- 
tions. Also as special cases of the above theorems one can deduce many 
interesting results concerning products of hypergeometric series. 


6. Lastly, | deduce a transformation with the help of which we can 
obtain theorems which have on the left only one product of bilateral 
series instead of the sum of two products of bilateral series, but in this 
case they will be the generalizations of particular cases of the theorems 
of Cayley, Orr, and Henrici. 

If in (2.1) we firse put = = Ow = 
after replacing M by M-+-N in it and then in the new relation put 
= Cy—N, = Co—N,.»., = Cy—N, and Cy,, = 6,—1—n, 
= bg —1—N,..., = by—1—n, we obtain 


r| A,—yg,..., ay —Ayy, Ay —C},..., —Cy, |x 


A, —Cy,..., 4y—Cyy, 1+a,—),,..., 1+a,—by, 14+6,—a,,..., 1+b3,—a, 


—Cy)p 


(1-+a,—},), 


1+¢,,;—a,, 6, —a,—N,..., by —a,—n; 
1+b,—4q,,..., 1+¢,—a,—n,..., 1+-cy—a,—n 


<M 


+idem(a,; = 0. (6.1) 


Now, if we put M = 2, N = 1, and a, = b, = 1 in (6.1) and then 
transform the terminating ,F, into a terminating ,F, with the help of 
known results after making suitable substitutions, we get the identities 
required for proving theorems which are generalizations of particular 
eases of Cayley, Orr, and Henrici’s theorems and in these cases there 
will be only one product of bilateral series on the left. If we use (6.1) 
for getting generalizations of particular cases of Bailey’s theorems, we 
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shall have the sum of two products of bilateral series on the left instead 
of the sum of three products. 

I am grateful to Dr. R. P. Agarwal for his kind guidance during the 
preparation of this paper. 
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THE ASYMPTOTIC BEHAVIOUR OF THE 
GENERATING FUNCTIONS OF PARTITIONS 
OF MULTI-PARTITES 


By E. M. WRIGHT (Aberdeen) 
| Received 18 November 1957] 


1. Introduction 

SEVERAL authors (1, 5, 9) have recently found asymptotic formulae 
for the number of partitions of a multi-partite number with large com- 
ponents. A multi-partite number is a j-dimensional vector with positive 
integral components. In every case, the method is an adaptation to 
j > lof the celebrated Hardy-Ramanujan method (2) for j = 1, some- 
times in the modified form due to Ingham (3). This involves the study 
of generating functions, a simple example of which is 


=0 

(1.1) 
where re(z,) > 0 for every / and p(0,...,0) = 1. The first step is to 
obtain a suitable asymptotic approximation to f as 2,..., 2; 0. So 
far, for j) > 1, we have found and used only very crude approximations 
of this kind. Here I find a much closer approximation to f for small 2;. 
I have used these results elsewhere (11) to obtain an asymptotic formula 
for p(n, %) valid under wider conditions on the ratio n,/n,. than those 
of (1) and (9) (i.e. when n,, n, are not of the same order) and similar 
results could be found for j > 2. Again we could use the results to find 
further terms of the asymptotic expansion of p(n,,...,%,;). 

For practical purposes only the first term or so of the expansion of 
P(ny,...,n;) is of importance. There is, however, another point of con- 
siderable theoretical interest. The extreme closeness of approximation 
to f(x,) obtained by Hardy and Ramanujan was an essential element 
in the striking success of their method. In other partition problems, 
the generating function is rarely susceptible of such close approxima- 
tion. The case of kth-power partitions (8) is one of the very few 
examples of this being partially possible, that of plane partitions (7) 
an example of it being apparently impossible. It seems worth consider- 
ing, therefore, whether any of the multi-partite generating functions 
are capable of anything approaching the closeness of approximation 
Quart. J. Math. Oxford (2) 10 (1959) 60-69 
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valid in the case j = 1. The answer appears to be that it is possible 
only for generating functions for certain somewhat artificial types of 
weighted partition, and then in a less simple form than for j = 1. 

We suppose «,,..., 2; small but impose no condition on their relative 
order of smallness. We take 


> 90, larg x,| << 
and write x for the 2, with greatest modulus, i.e. 
= 
We write also L = a,...x; and 
F = F, = = _ 


where 


For |u| < 27, we have 


(—1)*-"B, u* 
> 


2(2h)! f(2h) 
is the Ath Bernoulli number. Hence, for |t)| < 27/ |x|, we have 


= > ) = Rat (1.2) 


where R,, = R,,(x,,--.,2;) is a symmetric homogeneous polynomial of 
degree m in 2,,..., 2; We write 


and G(t) = Lw(t)—S(t), 


where B, = 


so that G(t) = 
m=j+1 


whenever |xt| < 27. We write also 


H = = Ry+ | (Z(t) — dt 
0 


and can verify that 
H = Ld(x,,...,£;)—Jj1R; log L, 


| 
r=1 
1 
w(t) ay 


E. M. WRIGHT 


where d(zj,...,2;) is homogeneous of degree 0 in x,,..., 2;, ie. d depends 
only on the ratios of the x, Methods to evaluate d(x,,x,) are given in 
(10); my colleague Mr. M. M. Robertson has extended these to values 
of j greater than 2. 

In what follows C is a positive number, not always the same at each 
occurrence, which may depend on €¢,, €,, j, k, 1, A, but is independent 
of t, r, m,n, R, V, x,,..., 2; The O( ) notation refers to the passage 
of x to zero and the constant implied is a C. 

We prove first the theorem: 


THEOREM |. Under the conditions stated, 


j-1 
LP = SUG RAH t 


K-1 
s=1 


If we use the well-known values of {(—k) [see (6) 19], we can write 
(1.3) more compactly as 


2K +j-1 
LF = H+ C(j+1—k)R,+ 
From Theorem 1 with j = 1 and with j = 2, we can deduce the 
formula for the approximation to the generating function 


hei 
of plane partitions found by a different method in (7). 


2. Proof of Theorem 1 

We require the following lemma: 

Lemma. Ast > © through real, positive values, G(t) > 0 and G®(t) > 0 
forallk >1. Again 


dt < Cxit* (k > 1). 

0 
Clearly G(t) > 0 ast— oo. We have 
Hence Lw(t) is the sum of not more than C terms of the form 

Bypy af 


l=1 
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where |B) < C, a+ ¥B,=k+j, By >a D1. Clearly w(t) > 0 as 
But, if t > ty = 4n/ lel, 


we have 
> Cla,lt, |A| < Ct-1-e- Zu TT 


and so J |A| dt < — 


Also, for t > to, 
< C < 0 


f de f att f dt < 
to to to 
Putting ¢ = 7/ |x| in (1.2), we have 


Hence, for 0 <t < tg, 
< 


(m—j—1)...(m—j—k)|R,, 
m=jTk+1 


to 
FA m=j+k+1 
< Clax|i+* (m—j—1)...(m—j—k+ 1)2/+*-™ 
m=j+k+1 
= 
This completes the proof of the lemma. 
For real, non-negative t we write 


and define P(t) for k > 1 by 


Py(t) = Peat), Py (0) = Pox = 0. 
Then [by (4) 524] every P,(t) has period 1 and is bounded. If R is any 
large integer, 


j G'(t)P,(t) dt = G'(r+u)(u—}) du 


= 4G(0)+ G(r) +4G(R)— G(t)dt. (2.1) 


E. M. WRIGHT 


By the foregoing lemma we see that, as R-> 00, the left-hand side of 
2.1) tends to 


| Gi (t)P,(t) dt (—1)FG(0)P, + | Pye dt 


K- 


» 
= 


R-1 R 
Again ¥ Gr)— | G(t) dt = D,+D,+Ds, 
r=1 


where 


r=1 0 


dt. 
Now, as R> x, 


R-1 


D, = R > 


r=1 
where y is Euler’s constant, and 


0 


Finally G(0) = R;,,. Hence, if we let R->oo in (2.1), we have 
Theorem 1. 


3. A more exact result 


Theorem 1 gives an asymptotic expansion of F; for small 2,,..., 2;. 
If j = 1, we find with a little calculation that 


d = 0'(0) = —}log(2m); 
again 


R= 1, R, = R, = pri, =O (8 > 1). 
Hence, by Theorem 1, 


* + 2, —}log(2n) + 


for every K. In by (2), the error term is O(e-*”**). For j > 1, 
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nothing similar is true for F;. But the logarithms of the generating 

functions are linear combinations of the F; [compare the cases s = 1, 3, 4 

of (9)| and we may look for a linear combination which will make the 

coefficients zero in what corresponds to the second sum of Theorem 1. 
Let us consider the series 


1) 
so that F, = F(z). 
We have then, for |t} < 2z/ |z\, 
j 
— 
= [Th + (2h)! = 


l=1 


where Q, = 0 for odd k and, for even k, is a homogeneous polynomial 
of degree 4k in 2j,..., x3. By the same method that we used to prove 
Theorem 1, we can prove the theorem : 


THEOREM 2. 


K-1 


s=1 
where d; depends only on the ratios of 2,,..., #;. 


If j is odd, all the terms in the second sum on the right-hand side 
of (3.1) vanish, and so, just as for F,, we can endeavour to improve the 
error term. In fact we can obtain an exact transformation. For sim- 
plicity, we confine ourselves to the case when j = 3 and 2,, %3, 2 are 


real and positive. 


The function Mt) = 


has its poles in the top half of the complex t-plane at those points 
at which one or more of 2,t, x,t, 23¢ is an integral multiple of 27i. 
If the ratios of 2,, x; are all rational and m,, are positive 
integers such that 


= > 
3695 .2.10 F 
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the function A(t) has a triple pole at ¢ = 27iN. The residue is 


If = N (say), 


= 
but x, is not an integer, the function A(t) has a double pole at 


t = 2miN and the residue is 


If n,/x, = N, but neither x, N nor x, N is an integer, the function A(t) 
has a simple pole at ¢ = 27iN, and the residue is 


1) 


Let ¢, be any fixed positive number such that 0 < «, < 1; let 
= Max(2X,, = 73) and = e,2’/x. We can find 
an increasing sequence of positive real numbers V, such that 


(3.2) 


for / = 1, 2, 3 and every non-negative integer n, and that V, - 0 as 
n—->c. We write 7), for the sum of the residues of A(t) at its poles at 
t = iv for which 0<v< V,. We also write 7 = lim 7, if this limit 


n 
D 
exists. 


THEOREM 3. Jf 21, 2X2, %3 are all real and positive, then the limit T 
exists and 


where L 2, 12Q, = 2?+23+22, 


= + 522 22+ 52? 


1 
St 


_ log L 


24 


and d, depends oe on the ratios of x, X2, Ly. 


Also T = sexp| —! 


n 
— 
Le 
O-T 
| | 
— 
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4. Proof of Theorem 3 
Here j = 3 and we write 
G(t) = 


so that G(t) is even and regular at t= 0. We take R and n any 
positive integers and V = V,. The contour @, is the straight line from 
t= —R—}tot = R+}4 indented above the pointst = — Rk, —R+1.,,..., 
1,..., R; @, is the line from t = R+} tot = R+4+iV; ©, the line 
from t= R+}+4+iV to t= —R—}+iV; and @, the line from 
t= —R—}+iV tot = —R—4. We use © for the complete contour 
€,4-6,+ ay The function p(t)— G(t) is regular within @. Hence 


€ €, 


(say). 

If @, is the contour formed by site 4 in the real axis, we have 

G(t) dt G(t) dt 
oF, = Ja Git) dt— Gir), 
if we let the radi of the a tend to 0. Hence 

E, = | G(t) dt—43G(0)— G(r) 


(40 


On @,, t= R+}-+4i, p(t) ~ 2-%t-1 
for large R. Hence 


dv 
0 
uniformly in V as Roo. A similar result holds for £,. Hence, using 
(4.1) and (4.2), we have 


d,—F, 440, logL Q, 


Qs 
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o+V 
p(t) dt 
1 
o+iV 
{ (14+Q,t)dt 


The integrand in FE, has no poles above the line imt = V anda simple 
application of Cauchy’s theorem shows that EZ, = 0. 
When t = u+iV, we have 
l == Deru COS 2, V+1 
== (e7“— 1)?+ V) > Cy%e™™, 


by (3.2). A similar result holds for |e7*—1)? and |e=‘—1)|*, Hence 


p(t) — = lal ta 5) 


Now o+iV 


iV 
(say), and we have 


Ce-27V 
Var’ 
Again, o+iV o+iV 


dt __ log(l—e-*"") 


log(1—e?7) dt 


and so 


—2nV 
< + Ce-2¥ 


u?+V? V 


Hence |E,| < 

Similar arguments apply to E,, which is in any case the conjugate 
of Z,. Hence we have 

< < (4.5) 

If n >, then V +, HE; 0, and, from (4.3), 7), tends to a limit 7’, 
and (3.3) follows. 

It also follows that, for any n > 1, 

T, —E; = 7. 
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where E, = lim E, = E,+£,+E, (4.4) 
3s and a 
E, 
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If we take (2-3), 
x 27 


then (3.2) is satisfied, T, = 0 and 7 = —E;. Hence (3.4) follows from 
(4.5). 
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SOME GENERALIZATIONS OF TAUBER’S 
SECOND THEOREM 


By T. M. FLETT (Liverpool) 
[Received 9 December 1957] 


1. IN some recent papers (1, 2, 3) I have discussed an extension of 
absolute Cesaro summability to index k. These papers are concerned 
primarily with those parts of the subject which are of interest in 
function-theory. In this paper I consider the summability aspect and 
show how the use of an index k& enables us to span the gap between 
ordinary convergence and summability on the one hand and absolute 
convergence and absolute summability on the other. 

We begin by recalling the familiar generalization to order « of 


Tauber’s well-known ‘second theorem’.t Let Sa, be a series of 
0 


constant terms, and let o* and 7* be the nth Cesaro means of order « 
of the series § a, and the sequence na, respectively. Let also 


d(x) = a, x", 


this series being supposed convergent for |x| < 1. Then we have 

THEOREM A. Jf ¢(x)—s = o(1) (1.1) 
as x > 1—, and if, for some « > 0, 

= 0(1) (1.2) 

as n —> then = 0(1). (1.3) 

We note also the inequality form of Theorem A:{ 

THEOREM B. Jf « > 0, then for any s 

sup < sup |d(x)—s}. 
m m 0<2<1 

I use A(b,c,...) to denote a positive constant depending only on 
b, c,..., not necessarily the same on any two occurrences. Inequalities 
of the form L <A(b,c,...)R 


are to be interpreted as meaning ‘if the expression R is finite, then the 
expression L is finite and satisfies the inequality’. 
+t See, for example, Kogbetliantz (7). 


t A proof of Theorem B is given in (1). The s is actually irrelevant here, but 
it becomes relevant in the extension of Theorem B to index k. 


Quart. J. Math. Oxford (2) 10 (1959) 70-80 


| 

4 


ON TAUBER’S SECOND THEOREM 71 


We observe now that the relations (1.3) and (1.2) are the limiting 
forms as k + © of the relations 


and {me = 0(1), (1.5) 


respectively, where p and y are some fixed numbers.+ Similarly (1.1) 
is the limiting form of the relation 


1 

The natural extension of Theorem A to index k is therefore that for 
suitable p and y the conditions (1.5) and (1.6) together imply (1.4). 
The most interesting case of the result appears to be that in which 
p = y—1 > 0, and to avoid a multiplicity of parameters we confine 
ourselves to this case. Here we have 

TueoreM 1. [fk >1,«> 0,and p = y—1 > 0, then (1.5) and (1.6) 
together imply (1.4). 

When p = 0, (1.4) merely asserts the convergence of the series 

n+1 

and similarly in the case of (1.5) and (1.6). We can therefore strengthen 
the case p = 0 of Theorem 1 by stating it in the following inequality 
form. 

TueoreM 2. Letk >1landa> 0. Then for any s 


0 


l—x 


This result is simply a direct extension of Theorem B to index k, but, 
whereas Theorem B does not imply Theorem A, Theorem 2 does imply 
the appropriate case of Theorem 1. 

Theorem 2 is concerned with the absolute summability of the series 


— (08 —8) 
n+1 


+ See, for example, Littlewood (8) 16. 
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rather than with that of the series } a,. We recall that a series ¥ a,, is 
summable |C,«|,, where k > 1 and a > —1, if the series 


converges, and that it is summable |A|, if the integral 


1 
dx 
0 


converges. Summability |C,a«!, and summability |A|, are, of course, 
identical with summability |C,«| and summability |A|, respectively. 

To obtain a theorem concerning the absolute summability of ¥ a,, 
we apply Theorem 2, with « replaced by «+1, to the series 


z {na,, (n— 1)a,,_4}- 


Observing that 7* is the nth (C, «)-mean of this series, and that 


= 


we obtain immediately the following theorem, of which the case k = 1 
is an extension of a well-known Tauberian theorem due to Hyslop (5).+ 


THeoreM 3. Letk > landa > —1. If Sa, is summable |A\,, and 
if also A(na,,)t is summable then ¥ a, is summable |C, 
The case p > 0 of Theorem | has applications to strong summability. 
A series 5 a,, is said to be ‘summable [C, «], to the sum s’, where k > 1 
and «a > 0, if ‘i 
> —= o(m) (1.7) 


as m-> 0. Summability [C, 1], is, of course, ordinary strong summa- 
bility. The property of ¢(x) corresponding to summability [C, a], as 
summability (A) corresponds to summability (C) is that 


R 
— glk 
de = (1.8) 
0 


as R - 1—, and we shall say that a series which possesses the property 
(1.8) is ‘summable [A], to the sum s’.§ 

It follows easily by partial summation and integration by parts that, 
when p = y—1 > 0, (1.4) and (1.6) are equivalent to (1.7) and (1.8) 


+ Hyslop deals only with the case a > 0. 

¢ As usual, Au, = u,—u,,). 

§ For a fuller discussion of the relation between summability [C, a], and 
summability [A],, see Flett (4). 


—— 
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respectively, while (1.5) is equivalent to the relation 
m 
= 0(m). (1.9) 
We may therefore restate the case p > 0 of Theorem | in the equivalent 


form: 


TuEorEM 4. Letk >1landa>0. If ¥a, is summable [A], to the 
sum 8, and if (1.9) is satisfied, then ¥ a,, is summable | C, x), to the sum s. 

Since (1.8) is satisfied whenever ¥ a, is summable (A) to the sum s, 
Theorem 4 is a generalization of a Tauberian theorem of the author’s (3). 

There is also a boundedness result corresponding to Theorem 4, 
namely:+ 

THeoreM 5. Letk >landa> 0. Then 


™m 0 1 


The proof of Theorem 2 is given in §§ 2-4. We prove Theorem 4 in 
preference to the case p > 0 of Theorem 1,t and the proofs of this and 
Theorem 5 are given in § 5. 

2. In the proof of Theorem 2 we require the following lemmas: 

Lemma If k > 1, a, = a,(x), and b, = b,(x), then 


This is one of the numerous forms of Minkowski’s inequality. 
Lemma 2. If 8 > Oand y > 1, then 


1 
< (1—a)B-lay dx < 


This lemma is given by Mulholland (9). 
Lemma 3. Let 
n n! 
Then ifa>0,0<x< l,ands> 
< 
n=8 


+ In this result s is clearly irrelevant. 
t This enables us to avoid the introduction of the parameter p. 


T. M. FLETT 
We have > = (1—z)-*1. 
n=0 
Hence, by the well-known integral formula for the remainder after s—1 
terms in a Taylor’s series, 


1 


1 
0 


Writing v = (1—.)t/(1—t), we see easily that the integral in (2.1) is 
equal to © 
fv+(1—2)}* 


Further, 


= 

{ 
(v 

é 0 


1-z 


and this completes the sia 
3. We require also the well-known identity, valid for all a, 
d(x) = (1—ax)*+1 3 (|x| < 1). (3.1) 


Here E* is defined as in Lemma 3. We have alsoy 
(3.2) 
and, for « > 0, s—on*). (3.3) 


4. Consider now the proof of Theorem 2. We may evidently suppose 
that s = 0. Further, by (3.3), 
lon*| < 


so that, by Minkowski’s inequality, 


+ Kogbetliantz (6). 


‘ 
0 
0 
& 
and 
= 
3 
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It is therefore enough to prove that 


1 
(>) n +| l—zx 
0 
when a > 0. 


We observe next thatt 


Hence, by Lemma 1, 


1 ' 1 
= | Az") aol a} 
0 0 


It is therefore enough to prove that, if «a > 0 and k& > 1, then 


j lox—d(x) Aen) dr < a) (4.1) 


We now suppose that 0 <a < 1. We also write B for a constant 
depending on either or both of kand «. By (3.1), we have 


so that 


< (1—2)Ka+0/ > > 


= 


If then = te’, 

and T, = (4.2) 
n+1 

we have lot—d(x)|* <S,4+T7,. (4.3) 


+ The term-by-term integration is legitimate, since everything is positive. 
Similar points occur elsewhere, and I shall in future take such justification for 


granted. 
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Consiies now S,, and suppose first that k > 1. If vy < n, then, by 
n n A\kk 
=| ‘ M2, 
n 
so that < (4.4) 
v+1 


On the other hand, if k = 1, then (4.4) is an immediate consequence 
of (3.2), so that (4.4) holds for allk > 1. Since a > 0, we have therefore 


< B'S Bete = BS 
v=0 1 


v=0 


< By > = B(1—a)-* (4.5) 


s=1 


Hence also 
> < B(l—z) = B(1—z) win 2" 
n= n=1 8= s=1 n=8s 
< BS 


so that 
1 a 
(25, x") dx < BS < BY (4.6) 


Consider next 7). Let y be a number, depending on k, such that 
O< ky <1, e.g. wp = (2k)-1. Then, if k > 1, we have k'(l—p) > 1. 
If now v > n, we obtain 


4 k , 
joz—o2|k — <( sku s-¥a-»)) 
n+1 n+1 n+1 
for k > 1, so that 
v 


kik’ 


vi 


On the other hand, if k = 1, then (4.7) is an immediate consequence 
of (3.2), so that (4.7) holds for all k > 1. 
By (4.2), (4.7), and Lemma 3, we have now 
ven+1 s=n+1 
s=n+1 
< 
s=n+1 


= 
1 


s=n+ 


¢ As usual, k’ = k/(k—1). 
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Further, 
n=0 s=n+1 
s—1 
= > | > (n+ 
s=1 n=0 
s=1 
so that, by Lemma 2, 


1 
(> U,2") dz < BY (4.11) 
s=1 
Again, 
0 n=0 s=n+1 


s—1 
= D> ste (n+ 1) < > | 
1 n=0 s=1 


(since ku > 0), whence, by Lemma 2, 
1 
dx < BY (4.12) 
é 
(since ku <1). Combining (4.3), (4.6), (4.8), (4.11), and (4.12) we 
obtain now (4.1), and this completes the proof of Theorem 2. 


5. We turn next to Theorems 4 and 5, and here we require a further 
lemma: 
n 
Lemma 4. Let y <1, let p, >9, q, =n" 3 p, and q = supq,. 
vel n 


Then > < 
1 


v= 
If also q,, = 0(1) as n > a, then 
= 0(n!~). 
v=1 
By partial summation, 
n n—1 n-1 


whence the result follows. 
Consider now the proof of Theorem 4. As in the case of Theorem 2, 


we may suppose that s = 0. By virtue of (3.3), it is also enough to 


prove that, if R 
0 


as R > 1—, and if 


as m —> then 


We observe next that 
m 


so that, by Lemma I, 


m k 


lk 
+| > (n+-1)\ (x) ka") 


p(x) |* 


Taking now R = 1—1/(m+1) and using (5.1), we see easily that it is 
enough to prove that, if (5.2) is satisfied, then the first term on the right 
of (5.3) is o (m!*). 

Let « be chosen as in the proof of Theorem 2, and, as before, let us 
write B for a constant depending on either or both of k and «. Then 
from (4.3), (4.5), and (4.8) we have 


ot —o(x)|* < B(S,+U,4+9,), (5.4) 
where U, and JV, are defined by (4.9) and (4.10) respectively, and 


= (1l—2z) 


By (5.2), we have S), = (1—2)o (n) as n > 00, where the o is indepen- 
dent of x, so that, as x > 1—, 
<> = (1—2) 0 = o{(1—z)-%}, 
0 0 


whence also 


> (n+1)S;,2") dx = de = o{(1—R)-} = o(m). 


0 
(5.5) 
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: m 
> | = o(m) (5.2) 
1 
m 
> = o(m). 
0 


ON TAUBER’S SECOND THEOREM 79 
Next, by (4.9), 


m m an 


n=0 s=n+1 
s=1 n=0 


n=0 =m+1 
= say. (5.6) 


Here W,, < (1 2 
whence, by Lemma 2 and (5.2), 
R 1 
W,dx < | Wd < BS = o(m). (5.7) 
a 
Again, by partial summation and Lemmas 4 and 3, we have 


ky +l | 


s=m+ 


s=m+1 


< 0 1 —x)x™+0 (1)(1—ar) 
as m — 00, uniformly in 0 < x < 1, so that 
Xp <0 F (m4 
n=0 
=o 

= 0 +0 (m?)a™ 
uniformly in 0 <a < R. Hence also 


R 1 

X,, dx < 0 (m?*) dx = o(m). 

0 (5.8) 
Consider finally V,. By (4.10), 


n= s=n+ 
= (nt + 
s=1 ofan 
=FntZm, say. (5.9) 
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Since ku < 1, we have, from Lemma 4, 
m 
Yn < = 0 
8=1 


all 


as m > 00, uniformly in 0 < x < 1, so that (since ku > 0) 


R R 
Y,, dx =o (1—a)-k#-1 da = 0 (m'-*#)(1— R)-*# = o(m). 
0 0 


(5.10) 
Again, by partial summation and Lemmas 4 and 3, 
s=m+1 s=mt+1 


< 0 (m?-*r)(1 —ax)a™ +-0 (1)(1—a) 


as m — 0, uniformly in 0 < x < 1, whence 


Zim = 0 = 0 (m?)x™, 
uniformly in 0 <a < R. Hence also 
R R 
Z,,dx = 0 (m?) | a” dx = 0(m). (5.11) 


From (5.4)-(5.11), we have now 


(Sm dar = 0 (m), 
0 
and this completes the proof of Theorem 4. 

A similar argument proves also Theorem 5, the O-form of Lemma 4 
now being used in place of the o-form. 


[ Added in proof 23 August 1958.] In the condition (1.9) in Theorem 4 
the o can be replaced by O. The proof of this will be given in (4). 
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Since ku < 1, we have, from Lemma 4, 
m 
as m > 0, uniformly in 0 < x < 1, so that (since ku > 0) 
R R 


dz = o(m'-**) dx = (m!-*#)(1— R)-*# = o(m). 


0 0 


Again, by partial summation and Lemmas 4 and : 


x 

7 »—k "1—-k 

> kes < 9 (1)(1—z) > 
s=m>1 8=m+1 


(5.10) 


< 0 +-0 (1)(1 


as m—» 0, uniformly in 0 < x < 1, whence 


= 0 (m?-ke)(1 +-0 (1)(1—ar) = 0 (m*)x™, 


uniformly in 0 <2 < R. Hence also 
R R 
| Z,,dx = o(m?) | x" dx = o(m). 
From (5.4)—(5.11), we have now 
R 


m ‘ 
| (> (n+1) dx = o(m), 
6 
and this completes the proof of Theorem 4. 


(5.11) 


A similar argument proves also Theorem 5, the O-form of Lemma 4 


now being used in place of the o-form. 


{ Added in proof 23 August 1958.) In the condition (1.9) in Theorem 4 
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